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The School of Athens (about 360 B.C.)

by Raphael (1483—1520)
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Plato and Aristotle (about 360 B.C.)




David Hilbert (1862—1943)

“The infinite! No other question has ever
moved so profoundly the spirit of man.”

Kurt Godel (1906—1978)

“Objective concepts of mathematics
are fundamental to my work in logic.”



Hilbert’'s Program (1926):

Using the tools of mathematical logic

Hilbert proposed to prove that all of mathematics,
including the infinitistic parts of mathematics,

is reducible to purely finitistic mathematics.

In this way, the objectivity of mathematics
would be confirmed.

Godel’s refutation of Hilbert’'s Program (1931):

Godel used mathematical logic to prove that
some parts of infinitistic mathematics
are not reducible to finitistic mathematics.

This includes the “medium’” and ‘strong” levels
of the GoOdel hierarchy.

Thus, the objectivity of mathematics is left in doubt.
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The Godel hierarchy

huge cardinal numbers

ineffable cardinal numbers

/FC (Zermelo/Fraenkel set theory)
ZC (Zermelo set theory)
simple type theory

/> (second-order arithmetic)

Ni-CAg (N3 comprehension)

Ni-CAg (N comprehension)

ATRg (arithmetical transfinite recursion)
ACAp (arithmetical comprehension)

WKLy (weak Konig's lemma)

RCAp (recursive comprehension)

PRA (primitive recursive arithmetic)
EFA (elementary function arithmetic)
bounded arithmetic



Reverse Mathematics:

A series of precise case studies
to determine which parts of mathematics
belong to which levels of the Godel hierarchy.

Two discoveries:

1. Using the methods envisioned by Hilbert,
we can prove that “weak’” levels of the
GOodel hierarchy are finitistically reducible,
in the sense of Hilbert’'s program.

2. Reverse-mathematical case studies provide
solid evidence that the “weak’ levels cover
at least 85 percent of mathematics.

This includes most or all of
the “applicable’” parts of mathematics.

Combining these two discoveries, we conclude
that Hilbert's program is largely valid.

My optimistic message:

Most of mathematics has an objective basis!



