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Problem setting

Let Q be a bounded open subset of R” with Lipschitz buondary and let p € (1, 4+00).
We study the lower semicontinuity in GSBV?(€2; R™) of the functional

F(u) = (x, vy) dH" !+ / g(x,ut, u_)dHn_1 ,

Su\T b

where ¥ C Q is an orientable Lipschitz manifold of dimension n — 1, S, denotes the jump
set of u, v, stands for the approximate unit normal to S, and u™ and u™ are the traces
of u on the two sides of X, defined accordingly to the orientation of the unit normal vs
to X.
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Main result
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Main result

Let x € X:
along the sequence: =~ g(x,s’, t) + ¥(x,vs(x)),

at the limit: g(x,s,t).
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Main result

Let x € X:
along the sequence: =~ g(x,s’, t) + ¥(x,vs(x)),

at the limit: g(x,s,t).

= g(x,s,t) < g(x,s,t) +p(x,vs(x)) for H" '-ae. x € ¥ and every 5,5, t € R™.
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Main result

Assume that 1: Q x R” — [0, +00) is a continuous function such that:
@ ¥(x,) is a norm in R” for every x € Q;

o there exist 0 < ¢; < ¢ such that for every x € Q and every v € R"

aly| <P(x,v) < ely|.
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Main result

Assume that 1: Q x R” — [0, +00) is a continuous function such that:
@ ¥(x,) is a norm in R” for every x € Q;
o there exist 0 < ¢; < ¢ such that for every x € Q and every v € R"
alv] < $(x,v) < .
Suppose that g: ¥ x R™ x R" — R satisfies:
o g is Borel;
g(-,0,0) € L'(X);
g(x,-,-) is lower semicontinuous on R” x R™ for H" '-a.e. x € ¥;
for H" '-ae. x € ¥ and every 5,5, t,t' € R™

g(x,s,t) <g(x, s, t) +¥(x,vz(x)) and g(x,s,t) < g(x,s,t') +¥(x,vz(x)).
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Main result

Assume that 1: Q x R” — [0, +00) is a continuous function such that:
@ ¥(x,) is a norm in R” for every x € Q;
o there exist 0 < ¢; < ¢ such that for every x € Q and every v € R"
alv] < $(x,v) < .
Suppose that g: ¥ x R™ x R" — R satisfies:
o g is Borel;
g(-,0,0) € L'(X);
g(x,-,-) is lower semicontinuous on R” x R™ for H" '-a.e. x € ¥;
for H" '-ae. x € ¥ and every 5,5, t,t' € R™

g(x,s,t) <g(x, s, t) +¥(x,vz(x)) and g(x,s,t) < g(x,s,t') +¥(x,vz(x)).

Theorem (A., Dal Maso, Toader)

Under the above assumptions on 1 and g, the functional F is lower semicontinuous with
respect to the weak convergence in GSBV"(§2; R™).
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Relaxation result

Assume that g: ¥ x R™ x R™ — R is a Carathéodory function such that:
o g(x,-,-) is uniformly continuous on R™ x R™ for H" '-a.e. x € ¥;
o there exists a € L'(X) such that |g(x, s, t)| < a(x) for H""'-a.e. x € ¥ and every
s, t € R™.
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Relaxation result

Assume that g: ¥ x R™ x R™ — R is a Carathéodory function such that:
o g(x,-,-) is uniformly continuous on R™ x R™ for H" '-a.e. x € ¥;
o there exists a € L'(X) such that |g(x, s, t)| < a(x) for H""'-a.e. x € ¥ and every
s, t € R™.

Theorem (A., Dal Maso, Toader)
For every u € GSBV*(&; R™)

sc” F(u) = Y(x,v) AR + / ga(x, ut uT) AR,
ST b

where we have set
gi2(x;5,t) = {ei(x; s, 1), inf g1(x,s,7) +9(x,v=(x))},
g(x;s,t) .= {g(x,s,1), inf g(x,0,t) +P(x,ve(x))} .
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Relaxation result

Assume that g: ¥ x R™ x R™ — R is a Carathéodory function such that:
o g(x,-,-) is uniformly continuous on R™ x R™ for H" '-a.e. x € ¥;
o there exists a € L'(X) such that |g(x, s, t)| < a(x) for H""'-a.e. x € ¥ and every
s, t € R™.

Theorem (A., Dal Maso, Toader)
For every u € GSBV*(&; R™)

sc” F(u) = Y(x,v) AR + / ga(x, ut uT) AR,
ST b

where we have set
gi2(x;5,t) = {ei(x; s, 1), inf g1(x,s,7) +9(x,v=(x))},
g(x;s,t) .= {g(x,s,1), inf g(x,0,t) +P(x,ve(x))} .

Remark

| A\

For H" '-a.e. x € ¥ and every s,s', t,t' € R™

gia(x,s,t) < gia(x, s, t) + ¥(x,v5(x)) and gia(x,s, t) < gia(x, s, ') + (x, v(x)). )

Stefano Almi (SISSA) A free discontinuity functional with a boundary term December 18, 2015 5/8



Relaxation result

Let W: QxR™*" - R and f: 2 x R™ — R be Carathéodory functions such that
o W(x,") is quasiconvex;

o there exist 0 < a1 < a, and by, b, € L'(Q) such that

al€]” = bi(x) < W(x,€) < a2[¢]” + ba(x);

o there exist g € (1,+00), 0 < a3 < as, and b3, bs € L*(Q) such that

as|s|” — bs(x) < f(x,s) < auls|? + ba(x) .
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Relaxation result

Let W: QxR™*" - R and f: 2 x R™ — R be Carathéodory functions such that
o W(x,") is quasiconvex;
o there exist 0 < a1 < a, and by, b, € L'(Q) such that

alg]” = bi(x) < W(x,§) < @[¢]” + ba(x);
o there exist g € (1,+00), 0 < a3 < as, and b3, bs € L*(Q) such that
as|s|” — bs(x) < f(x,s) < auls|? + ba(x) .

We define

G(u) ::/W(X,Vu)dx—i—/f(x, u)dx + 1,[1(X7I/L,)d’H"_1+/g(x, ut uT)dH"!
Q Q b b

SU\

for u € GSBVP(S; R™) N LY(Q; R™) and G(u) := +o0o if u € LIY(;R™)\ GSBVP(2;R™).
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Relaxation result

Theorem (A., Dal Maso, Toader)

sc” G(u) :/ W(X,Vu)dx—l—/ f(x,u)dx + P(x,vy) dH !
Q Q Su\Z
+/g12(x, ut uT) ARt
b

for u € GSBVP(Q;R™) N LY(2; R™) and sc~G(u) = +oo if
u € LI R™)\ GSBVP(;R™).
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Thanks for your attention!
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