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Control Theory

@ Control Theory is a branch of mathematics which aims to find a
control that will lead the given state of the system in a desirable
situation.

@ The system: An evolution system is considered either in terms of
partial or ordinary differential equations.
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The Controllability Problem for P.D.E.

@ Then, given the initial state at time t = 0, we act on the system
by a control, in order to reach a desired final state at time t = T
(exact controllability) or to approach a desired final state
(approximate controllability).

Also, we want to act on an arbitrary zone (not everywhere..).

@ The control can be the right-hand side of the equation (internal
control) or the data in the boundary condition (boundary control).

Patrizia Donato (University of Rouen) Introduction Lisbonne, 17-19 december 2015



The approximate controllability for parabolic problems

Due to the regularizing effect of the heat equation, one cannot reach any
given L2 state.

The approximate controllability problem

One has approximate controllability if the set of reachable final states is
dense in L2(9Q).

The variational approach

Following an idea by J.-L. Lions, the approximate control can be
constructed as the solution of a related transposed (backward) problem

having as final data the (unique) minimum point of a suitable functional.

ﬁ J.-L. Lions, Remarques sur la controlabilité approchée. in Jornadas
Hispano-Francesas sobre Control de Sistemas Distribuidos, octubre 1990,
Grupo de Andlisis Matematico Aplicado de la University of Malaga, Spain
(1991), 77-87.
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The approximate controllability problem for a model case

Let Q be a connected bounded open set of R” (n > 2) and w a given open

non-empty subset of 2.

For the usual heat equation the problem reads

Given w € L%(Q) and 6 > 0 find p € L?(Q) such that for a given
u® € L%(Q) the solution u of

u —div (AVu) = xwe inQx(0,T),
u=20 ondQ x (0, T),
u(x,0) = u° in g,

verifies the following approximate controllability:

Ju(x, T) = wll2(q) < 0.
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Construction of the control for the model case

In the variational approach of J.-L. Lions, ¢ is obtained as the solution of

the following homogeneous transposed problem:

—¢' —div(A°Vp) =0 inQx(0,T),
=0 on 92 x (0, T),
p(x, T)=¢° in Q,

the final data ¢° being the (unique) minimum point of the functional J
on L%(Q) given by

1

;
) =5 [ [ ae de a1y — [ (w— (T o
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where 1) is the solution of
—' —div (AVY) =0 inQx(0,T),
=0 on 02 x (0, T),
W(x, T) = 10 inQ

and v is the solution of the problem

v —div (AVv) =0 inQx(0,7),
v=20 on 9Q x (0, T),
v(x,0) = u° in Q.
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The case of oscillating coefficients

In this case for every € one can construct a control for the problem
Given w; € L?(Q2) and § > 0 find . € L2(Q) such that for a given
u? € [2(Q) the solution u. of
u —div (A°Vu) = xwpe inQx(0,7),
u=20 on 902 x (0, T),
u:(x,0) = u? in Q,
verifies the following approximate controllability:
Ju=(x, T) = wel[12() < 0.
Suppose now that:
(i) u®— u® strongly in L2(9),
(i) w. — w strongly in L2(2),

for some u® and w in L2(Q).
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An interesting question is

Do the control and the corresponding solution of the e-problem converge
(as € — 0) to a control of the homogenized problem and to the

corresponding solution, respectively?
A positive answer is given in

ﬁ E. Zuazua, Approximate Controllability for Linear Parabolic Equations
with Rapidly Oscillating Coefficients. Control Cybernet, 4 (1994),
793-801.
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The case of perforated domains

Let Q. a domain perforated by a set S, of e-periodic holes of size €.
Then, for every € one can construct a control for the problem
Given w. € L?(.) and § > 0 find . € L?(£2.) such that for a given
u? € L2(Q.) the solution u. of

u' —div (A°Vu) = xwpe in Q% (0,T),

u=20 on 0Q x (0, T),
A*Vu.-n=0 on9S. x(0,T),
u:(x,0) = o2 in Q,

verifies the following approximate controllability:

lue(x; T) = el 2.y < 9
Suppose that
(i) u?— u® strongly in L2(9),
(i) w. — w strongly in L2(2).
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Again one can give a positive answer to the previous question, see

ﬁ P. Donato and A. Nabil, Approximate Controllability of Linear Parabolic
Equations in Perforated Domains. ESAIM: Control, Optimization and
Calculus of Variations, 6 (2001), 21-38.

In this case, in order to obtain the convergence result, the suitable

functional in the construction of the control for the homogenized problem
is

)
J0%) =50 [ [ 107 ax det Bl =0 | (w—v(TY) 0 o

where 6 is the proportion of material in the reference cell.
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A Heat Equation in a Composite with Interfacial

Resistances

Work in collaboration with Editha C. Jose (University of the
Philippines Los Bafios)

We consider a more complicated case where the domain is a
two-component domain, the holes being here replaced by a second
material.

On the periodic interface, a jump of the solution is prescribed, which is
proportional to the conormal derivative via a parameter v € R, and a
Dirichlet condition is imposed on the exterior boundary 0X2.

This problem models the heat diffusion in a two-component composite
with an imperfect contact on the interface, see for a physical justification
of the model

[@ H.S.Carslaw, J.C. Jaeger, Conduction of Heat in Solids. The Clarendon
Press, Oxford, 1947.
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We describe here the case v = 1, which is the most interesting case since
the homogenized problem is a coupled system of a P.D.E. and a O.D.E.,
giving rise to a memory effect.

However, our results concern all the value of v € R.
Several questions must be addressed here :

@ Can we construct an approximate control for the e-problem ?

@ Can we construct an approximate control for the homogenized
coupled problem ?

@ If such controls exist, do the control and the corresponding solution of
g-problem converge to a control of the homogenized problem and to
the corresponding solution, respectively?

@ We give here positive answers to all three questions.
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The main difficulty

e To find suitable functionals for both problems, the oscillating problem
and the homogenized one, which provide not only the approximate
controls but also the desired convergences.

Many functionals provide control, in particular we can change the constant
in the different terms of the functional and still have controllability.

But those providing the convergence of the problem have to be carefully
chosen.

Important tools

e The corrector results play an important role in the proofs.

e Unique continuation results are needed for the two problems, in
particular for the homogenized coupled problem.
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Ty The domain in R":
Yo J
4—\ Q:QL?UQ257
= +—1
f where
r
I - @ 1. is a connected union of
! e~ " periodic translated sets of
Q. I S
EYl,

@ . is a union of e~" periodic
disjoint translated sets of £Y5,
o [ := 0%, is the interface
between the two components,
o [ := 0Y> Lipschitz continuous, with 0Q N T, = 0.

Y is the reference cell where

e Y=Y iUYs, withYoCVY
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The e-problem in the two-component domain

Consider for v € R the following parabolic system of equations:

where nj,

ulsl — div(A(g)Vuu) = XwiPle
Uzgl - dIV(A(g)VUQg) == XW28¢28

A(g)Vulg s Ne = —A(%)VUQS * Noe
A(%)Vula s Nie = —€’yh(§)(ul‘5 — U25)

u-=20
u1e(x,0) = U?E
upe(x,0) = USE

in Q1. x (0, T),
in Q. x (0, T),
onl.x(0,T),
onl.x(0,T),
on 9Q x (0, T),
in ng,

in QZ&)

is the unitary outward normal to Q;. (i = 1,2), w is a given
open non-empty subset of 2, and we set wje =wNQ, i =1,2.
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@ Ais an n x n matrix field which is Y'— periodic, symmetric and of
class C1(Y) such that for some 0 < a < 3, one has

{(A(y)M) > alAl%,
JA()A < BIA-

VAcR"and ae. inY.
@ his a Y- periodic function in L°°(T) such that
3 hpeR with 0<hg<h(y), y ae inT.

o (Up., U3) € L3(Q1e) x L?(2e),
o (p1c,02:) € L2(0, T; L2(RQ)) x L2(0, T; L2(R)).
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Remark Observe that for any v € L?(Q)
v = valE + VXQ2E.
Then the map
d:vel?(Q) = (V. via,.) € L2(Q:) x L2(Q2:)
is a bijective isometry since
”VH%2(9) = HV”%2(915) + HVH%2(§225)7 for every v € L*(9).

* In the sequel, when needed we identify v € L2(Q) with
(V‘Qu? V’flzs) € L2(Qlt5) x L2(928)'
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The variational formulation

We set

and we introduce the functional spaces

Ve = {V]_ € Hl(le) | vi =0on 89}
equipped with the norm
Ivillve == IVl 2,

and

v=_(v1,wn)€ L%(0, T; V&) x L2(0, T; H'(Qy.)) s.t.
we =

v/ e L2(0, T; (VE)') x L2(0, T; (HY(Q2:)))},

equipped with the norm

Ivliwe = villzgo,75ve) + [Ivall 20, 71 (a0)) + Vil 200, 7o)y + Ivall 2o, 75 (200
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Then, the variational formulation associated to the problem is

Find u. = (u1e, upe) in W€ such that

T T
/0 (Uhes Vi) (vey ve dH‘/O (Uhes V2) (1100 HE (020 ) O

T T
+/ / AV u.Vvq dx dt —|—/ / AV ur.Vvo dx dt
0 Qe 0 Qe

-
+ 57/ / h*(u1e — ua)(vi — v2) doy dt
O €

T T
:/ / P1eVl dxdt+/ / pozvo dx dt
0 Wie 0 Woe

for every (v1,v2) € L2(0, T; V&) x L2(0, T; H*(Q2.))

uie(x,0) = UL in Q1. and w-(x,0) = UY. in Q..
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The related Controllability Problem

Given w;. € %(Q;.),i = 1,2 §; > 0 and 6, > 0, find a control
©e = (P16, P2c) such that the solution u. = (uye, up:) of the above

problem verifies the estimates

(1) |lwe(T) - W18HL2(§215) <

(i) Nu2e(T) = waell12(0,.) < 02
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The Variational Approach to the Controllability Problem

Let (wie, wa:) € L2(Q12) x L2(Q:) and ¢° € L2(Q) and define the
functional J: by

1 T ) T )
JE(QOO) =5 (/0 / | 1] dx dt/O / |p2e|” dx dt> +
Wie wWoe

+51H<POHL2(915) + 52||900HL2(S225)
- / (wie — vae(T))® dx — / (War — v2u(T))¢® dx.
Qla Q2E
v
v

* Observe that X converges to f; in L> only weakly *. Then, one

where 0; = fori=1,2.

difficulty in this study is that the L2-weak convergence of a function v, to
some v do not imply the convergence of Xq Ve to Oiv.
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In the functional defined above, . = (¢1¢, ¥2:) is the solution of the

transposed problem of the system given by

—p1’ — div(A*Vp1c) = 0

—p2c’ — div(A*Vp:) =0

AV p1e - ne = —A*V o - o
AV 1 - ne = —eVh(p1c — 2¢)
e =0

P1e(x, T) = 900’915

Pae(x, T) = 300|ng

Patrizia Donato (University of Rouen) Controllability for the e-problem

in Q1. x (0, T),
in Q. x (0, 7),
onl.x(0,T),
onl.x(0,7),
on 02 x (0, T),
in Qq.,

in Qge.
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On the other hand, v. = (vie, v2c) is the solution of the auxiliary problem

vie' — div(A*Vvi) =0 in Q. x(0,7),
voe! — div(A*V e ) =0 in Qo x (0, 7),
AV vy, - ne = —A*V o - no. onl.x(0,T),
AV vie - nme = —eVhe(vie — vae) onlox(0,T),

v: =0 on 902 x (0, T),
vie(x,0) = U?E in Qi.,
voe(x,0) = ng—: in Qo.,

where n; is the unitary outward normal to Q;. (i = 1,2) and

(U:(lJE’ US&) € Lz(Qla) X L2(Q28)-
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The Controllability Result for Fixed &

Theorem 1 [D-Jose] Let T >0, 6; > 0, 5, > 0 be given real numbers and U°
be in L2(Q). Fix w. = (wie, wa.) € L2(Q12) x L%(y.).

Let #° be the unique minimum point of the functional J. and @. = (P1c, Pac) the
solution of the transposed problem with final data $2.

Then the solution u. = (u1e, upe) of the following system:

e — div(A*Vuie) = Xy, Pie in Q. x(0,7),
uze" — div(A*V i) = Xuw,. Poe in Q. x (0, 7),
AV - ne = —AVuo. - np onl.x(0,7),
AVuye -m = —eVh(u. — up:) onTox(0,7),

u. =0 on Q2 x (0, T),
ure(x,0) = UL in Qe,
Ugg(X,O) = Uge in Qo

satisfies the following estimate:

(1) () = well 20y < 01

(i) lu2e(T) — WE”LZ(QZE) < 0o

Patrizia Donato (University of Rouen) Controllability for the e-problem

Lisbonne, 17-19 december 2015



Sketch of the proof

Existence of the minimum

@ By standard arguments one can prove that the functional J; is
continuous and strictly convex.

@ Then, for every fixed e, we prove the coerciveness, i.e.

0
lim inf % > min{d1, d2}.
121,20y —00 [102]l 12()

*To do that it is essential to use the unique-continuation property of
Saut-Scheurer.
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Proof of the control result

o Let 90 € [2(Q) and i = 1,2. If @Y is the minimum point of the
functional J. we have

g (/OT/M Dictie dx dt — /Q;E(% — vie(T))? dX) '

< 0¥l 2(u) + 020192 200

where @, = (P1c, P2c) is the solution of the transposed problem
with the corresponding final data 0.

@ Then we prove that
‘/Q (uie(T) = we)y? dx| < ill 2]l 2 (qy.)s VU2 € L2(Qi), i=1,2,

which implies the controllability result.
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A review of the homogenization and correctors results

* From now on, we consider v = 1, the most interesting case.

The homogenization result [Jose]

Let A® and h® be as before and z. = (z1¢, o) be the solution of

zi.! = div(A*Vz.) = gi- inQ;-x(0,T), i=1,2,
AV z1. - n. = —AV 2o - N onl.x(0,T),
A‘EVZlE *Ne = —€ h‘E(ZlE — 225) on I‘E X (0, T),
zz=0 on 902 x (0, T),
Zi:(x,0) = Z0q,. inQj., i=1,2,

where Z0 € 12(Q) and (g1c, &) € [L%(0, T; L2(Q))]%. Suppose that
() (xg, 2%, 20) = (120.0228) weakly in [P
(i) (Xq, 81 Xg, &2) = (0181, 0282) weakly in [L%(0, T; L2(Q))P?,
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Then there exists a linear continuous extension operator

P: € L(L3(0, T; V¢); L2(0, T; H(Q2))) N L(L3(0, T; L2(Q1c)); L2(0, T; L2(2)))
such that

() Pizie — 2z weakly in L2(0, T; H}(Q)),
i) z1e = 6171 weakly* in L>(0, T; L2(2))
i) zpe = 2 weakly* in L>°(0, T; L?(Q2))

iv) 5%||215 — 2l e20,m12(r.y) < 6,

( ,
( 7
(

where ~ denotes the zero extension to the whole of Q.

Furthermore,
(i) AVz. — Az weakly in L2(0, T;[L2(Q)]"),
(i) A*Vze — 0 weakly in L2(0, T; [L2(Q)]"),

where A%\ := my (Aiwy), the function Wy € H'(Y;) being for any A € R”, the
unique solution of the problem

—div (AVWA) =0 in Yl,

(AVW)\) M = 0 in F,

wy — A -y Y-periodic and my,(wy —XA-y)=0.
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The pair (z1,2) € CO([0, T]; L2(Q)) N L2(0, T; H3(Q)) x CO([0, T]; L2(Q))
with z € L2(0, T; H71(Q)) is the unique solution of the homogenized

coupled system

(912{ — div (AOVzl) + ch(0221 — 22) = 91g1 in Q x (0, T),

Zé — Ch(9221 — 22) = 92g2 in Q x (0, T),
z1=0 on 002 x (0, T),
21(0) = Z{), 22(0) = 9229 in Q,

where ¢, = |Y | / ) doy.
2

* This result can be interpretated as a memory effect. Indeed, solving the
EDO and replacing in the PDE gives a PDE with a memory term.
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The corrector result [D-Jose]

Under the assumption of the homogenization theorem, suppose further
that for Z2 € L2(Q) and gj. € L?(0, T; L?(R)), i = 1,2 one has
(v, 20, Z0) — (0120,0,20) weaKly in [L2(Q)]
le 2¢e

and

(i) g — g strongly in L2(0, T; L?(Q2)),

(i) 12002y + 12002,y = 011202 + 021128 20
Remark In particular, assumption (i) holds if for i = 1,2, gi = g:|q,. and
g- — g strongly in L2(0, T; L2(Q)).

On the other hand, the assumptions on the initial data hold if for i = 1, 2,
one has for instance XQ;EZEO = Z?|q,. for some Z2 € L?(Q) such that

Z2 — Z? strongly in L?(R2) (as it will be true in the control problem).
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If (ej)j=1,....n is the canonical basis of R"” and w; is the solution of the cell

problem written for A =¢;, j=1,...,n, let C* = (Cii)lSiJSn be the

corrector matrix defined, for i,j =1, ..., n, by

ow; ~ /X
Gily) =5,/ 1), aeon i, ) =G (5)ae ona

Assuming that T is of class C?, the following corrector results hold true:
[/ - . o
D) ah—% |21 — leCO(O,T;L2(§215)) =0,
. . ~1 o
i) !m) |22 = 05~ 22 oo, T:12(0210)) = O

(
(
(iii) - lim [[Vzie = C Vil 20, 7100001 = 0,
(

iv) 5"_% IV 22 | 20, 71220 )m) = O-
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Construction of the Control for the Homogenized Problem

Let T >0, 61 >0, 52 > 0 be given, w be given in L%(Q) and Uf and Ug
be in L?(Q).
For a given w € L2(Q), we define the functional Jy on L?(Q) x L?(2) by

1 T 1 T
Jo(®°%,W0) = 291/ / lp1)? dx dt + 2921/ / lo|? dx dt
0 w 0 w

+017/01]| 9% 120 + 521/02]| VO 12(q)

—Ol/ﬂ(w—vl(T))dDO dx—HZ/Q(W—GZ_lvz(T)) WO dx,
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where (1, ¢2) is the solution of the following homogeneous transposed
problem:

—(91@1/ — diV(AOVgpl) + Ch(ezgpl — g02) =0 inQx (0, T),

—@2" — ch(bop1 — p2) =0 inQx(0,T),
p1=0 on 9Q x (0, T),
(,01(X, T) = ¢07 ()02(X7 T) = 92“”0 in

and (vi, v2) is the solution of the problem

O1vy — div(AOVvl) + Ch(92V1 — V2) =0 inQx (0, T),

V2, — Ch(92V1 — V2) =0 in Q x (07 T),
vi =0 on 02 x (0, T),
vi(x,0) = U9, wa(x,0) = 0203 in Q.
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The Controllability Result for the coupled system

Theorem 2 [D-Jose] Let (60,\170) be the unique minimum point of the

functional Jo and (31, 32) the solution of (36) with final data ($°,6,W0).

Then if (u1, u2) is the solution of

(91U1, - diV(AOVUl) + Ch(92u1 - U2) = Xwelc/ﬁl in Q x (0, T),

w' — cp(Oau1 — w2) = X2 inQ2x(0,T),
up =0 on 002 x (0, T),
ui(x,0) = U, ua(x,0) = 602 in Q,

we have the following approximate controllability:

16101 (x, T) + ta(x, T) = w2y < 61V/01 + 521/02.
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Sketch of the proof

By standard arguments one can prove that the functional Jy is continuous
and strictly convex.

Then, we have to prove the coerciveness, i.e. as before, that for any
sequence {(®%, W)} in [L2(Q)]? such that (Y, \U(,),)H[,_Q(Q)]z — 00, one
has

. Jo(99,wO) .
lim inf nl_n > min{d1\/ 61, do\/0>}.
n=oo [[(P9, W) [l12()2 { !

Here the proof is more delicate, in particular the unique-continuation
property of Saut-Scheurer cannot be applied to the EDP-EDO coupled
system.

We use a non trivial result proved "ad hoc” by F. Ammar Khodja
(University of Besangon), written in Appendix of our paper.

Then, Jp has a unique minimum point.

Again, we are able to derive the controllability result.
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Asymptotic Behaviour of the Control Problem

Theorem 3 [D-Jose] Suppose that T, 61,2 > 0 and that I is of class C2.
Let w. and U? be given in L%(9Q).

Let u. = (u1e, upe) and @z = (P1e, P2c) the related solution and the
approximates control given by Theorem 2, respectively.

For {w.}_ C L?(Q2) and {U%}. C L?(Q), we suppose that for some
U2, i=1,2and win L?(R), they satisfy the following assumptions:
(i) Xq,. U2 — 0;U° weakly in L2(Q),
(i) V0 By + U0 B, s — 01l U912y + 0211 U8 B

(iii) w. — w strongly in L?(Q).

(Recall that in particular we can suppose that x U2 = U2 g, with

U% — U? strongly in L2(2).)
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Then as € — 0, one has

(i) Xen. P1e = X181 weakly in L2(0, T; L2()),

(1) Xwp P2e = XwP2 weakly in L2(0, T; L%(Q)),
(i) (x, 2%xg, ) — (0:0°6,0°) weakly in [LA(Q),
le 2e
where (1, @2) is the solution of the trasposed problem with final data
($0,92\JAIO) and ((TDO,\TJO) is the unique minimum point of the functional Jp.
Moreover,
(i) Pfuic — up  weakly in L2(0, T; H}()),
(ii) 01 — O1u;  weakly* in L>°(0, T; L2(Q2)),
(iii) Uze — up  weakly* in L>°(0, T; L%(Q)),
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where the couple (u1, u2) satisfies

(91U1, — diV(AOVU1) + Ch(92U1 — U2) = elchﬁl in Q x (0, T),

U2/ — Ch((92U1 — U2) = ch/ﬁg in Q x (0, T),
up =0 on 02 x (0, T),
u1(x,0) = U,  ua(x,0) =609 in Q.

The couple (¢1, p2) is an approximate control for the homogenized
problem (41) corresponding to w and the constants ¢; and J2, that is

H91U1(X7 T) + UQ(X, T) — WHL2(Q) < 51\/@“‘ (52\/(9»2

Patrizia Donato (University of Rouen) Convergence of the control problem Lisbonne, 17-19 december 2015



Sketch of the proof

The proof is long and lies on several propositions.

Proposition 1 The functionals J. are uniformly coercive, that is,

J 0
lim inf # > min{d1, do}.
02l 2() — o0 ||‘P5HL2(Q)
e—0

Corollary Let @° the unique minimum point of J.. Then, there exists a
constant C independent of ¢ such that

122l 12¢q) < C.

Hence, there exists (£0,2°) € [L2(£2)]? such that (up to a subsequence)

(xmﬁ,xmﬁ> — (01€°,620°)  weakly in [L2(Q)]%.
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Then, we prove the following two essential results (in the spirit of the
I-convergence), whose proof is rather technical:

Proposition 2 The functional J. satisfies
- 0 0) _ 0 O
lim J. <XQIE¢ +xg, ¥ > = Jo (&7, V7)),

for every (®°, W) in [L?(Q)]%.

Remark In the proof we use the corrector results for the transposed
problem with final data Xq 0 + Xq WO,
le 2¢e

Proposition 3 For any sequence {0}. C L?(Q) such that as ¢ — 0,
(N 920, 8) = (0290.009) weakly in (@)

for some (®°, W0) in [L2(Q)]?, we have

lim inf J.(42) > Jo(°, wO).
e—0
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This allows to prove

Theorem 4 Let U° and w be given in [*(Q). Let &2 be the minimum
point of J., and (#%, W) the unique minimum point of the functional Jg.
Then, as e — 0,

<XQ1 @ganz @2) - (91$0,92\TIO> weakly in [L2(Q)]°.
Proof From the Corollary and Proposition 3 we have
Jo(€°, %) < liminf J.(32).
e—0
Since 2 is the minimum point of the functional J., for any
(0%, wO) € [L%(Q)]?, using Proposition 2 we have,

limsup J(32) < limsup J(x, ®°+x_ V%) = Jo(o%,W0). (1)
e—0 Ql€ Q2e

Then, we get (£9,10) = (®°, W) where (2, W0) is the unique minimum

point of the functional Jy and consequently, the whole sequence in the

Corollary converges.
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Proof of Theorem 3
Once proved Theorem 4, using the homogenization and correctors results

we can pass to the limit in all the problems which complete the proof !
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Happy BIRTHDAY
LUISA!L |

- 2
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