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2-Order Gamma-Asymptotic Development

Gamma-Convergence

@ De Giorgi (1975), De Giorgi and Franzoni (1975)

X metric space, F, : X — [—00,00], € > 0, ['-converges if there
exists F(©) : X — [~o00, 0] such that

o for every x € X and every x; — X,

liminf e (x) > FO(x),

e—0F

We write F¢ L FO.
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2-Order Gamma-Asymptotic Development

Gamma-Convergence

@ De Giorgi (1975), De Giorgi and Franzoni (1975)

X metric space, F, : X — [—00,00], € > 0, ['-converges if there
exists F(©) : X — [~o00, 0] such that

o for every x € X and every x; — X,

liminf Fu(x) > FO(x),

e—0t
o for every x € X there exists x; — x such that

lim Fe(x) < FO(x)

e—07F

We write F¢ L Fo.
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2-Order Gamma-Asymptotic Development

Gamma-Asymptotic Developments

@ Anzellotti and Baldo (1993)

Definition

X metric space, F; : X — (—o00, 0] has a I'-asymptotic
development of order k,

FOLFO Ler® 4o 4 ek FW) 4 o(eh),
if there exist F() : X — [—00,00], i =1,..., k, such that

° .7-—5(0) L 7O, where .7:5(0) = Fe,
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2-Order Gamma-Asymptotic Development

Gamma-Asymptotic Developments

@ Anzellotti and Baldo (1993)

Definition

X metric space, F; : X — (—o00, 0] has a I'-asymptotic
development of order k,

FOLFO Ler® 4o 4 ek FW) 4 o(eh),
if there exist F() : X — [—00,00], i =1,..., k, such that
° fg(o) L FO) where .7:6(0) ="
FUD _inf FU-D ¢

o 7\ .= - — FW) fori=1,..., k.
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2-Order Gamma-Asymptotic Development

FOZFO 4 eF® o 4 ek FO 4 o(eh),
' (i-1) . (i-1) .
PRON S'“ff LF0) fori=1,... k

e U; := {minimizers of ]—"(i)}
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2-Order Gamma-Asymptotic Development

F) = T LFO) fori=1,... k

o U; := {minimizers of F()}
o FU) =coin X\ U4
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2-Order Gamma-Asymptotic Development

FOZFO 4 eF® o 4 ek FO 4 o(eh),
' (i-1) . (i-1) .
PRON S'“ff LF0) fori=1,... k

o U; := {minimizers of F()}

o FU) = oo iin X\ U1

@ let ¢, — 07 and assume that there is a minimizer x,, € X of
Fe, and xp, — x
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2-Order Gamma-Asymptotic Development

FOZFO 4 eF® o 4 ek FO 4 o(eh),

F) = T LFO) fori=1,... k

o U; := {minimizers of F(}

o FU) = oo iin X\ U1

@ let ¢, — 07 and assume that there is a minimizer x,, € X of
Fe,, and x;m — x

e {limits of minimizers of F;, } C Uy C --- C Uy,
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2-Order Gamma-Asymptotic Development

FOZFO 4 eF® o 4 ek FO 4 o(eh),

F) = T LFO) fori=1,... k

o U; := {minimizers of F()}

o FU) = oo iin X\ U1

@ let ¢, — 07 and assume that there is a minimizer x,, € X of
Fe,, and x;m — x

o {limits of minimizers of F, } CUx C --- C Uy,

o inf 7., = inf FO e, inf FU 4. ek inf FU) 4 o(ek).
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2-Order Gamma-Asymptotic Development

. (i-1) _. (i—1) ,
-7'_5(') = Fe emf]: L F) fori=1,..., k.

Let X =R and

Fe(x) = x|

o FO L £0) =0 1 := {minimizers of 70} =R,
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2-Order Gamma-Asymptotic Development

. (i-1) _. (i—1) ,
-7'_5(') = Fe emf]: L F) fori=1,..., k.

Let X =R and

Fe(x) = x|

o ]__8(0) I FO) = 0, Uy := {minimizers of }—(0)} =R,
o FV(x)=e|x|, F) L Fi) =0 foralli=1,..., oL
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2-Order Gamma-Asymptotic Development

. (i-1) _. (i—1) ,
-7'_5(') = Fe emf]: L F) fori=1,..., k.

Let X =R and

Fe(x) = x|

o FO L 7O =0 1y := {minimizers of 7(©} =R,
. f§’)(x) = ek=i|x], ]—"8(") L F0) =0 foralli= L....k—1,
@ U; := {minimizers of ]:(i)} =R,
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2-Order Gamma-Asymptotic Development

. (i-1) _. (i—1) ,
-7'_5(') = Fe emf}— LFO fori=1,... k.

Let X =R and

Fe(x) = x|

° ]-"8(0) L FO =0,y = {minimizers of F(O} = R,

° flg(i)(x) :sk*"\x], .7:8(") LF) =0foralli=1,... k—1,
o U; := {minimizers of F()} = R,

° fg(k)(x) = |x|,
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2-Order Gamma-Asymptotic Development

. (i-1) _. (i—1) ,
-7'_5(') = Fe emf]: L F) fori=1,..., k.

Let X =R and

Fe(x) = x|

° ]-"S(O) L FO =0,y = {minimizers of F(O} = R,

° flg(i)(x) = sk*"\x], .7-}(") LFO =0foralli= 1,... k-1,
o U; := {minimizers of F()} = R,

° ]:g(k)(x) = |x|,

o {limits of minimizers of F;, } =Ux C Ux—1 = --- = Up.
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2-Order Gamma-Asymptotic Development

. (i-1) _ . (i—1) _
]:g(l) = e Smf]: L F fori=1,..., k.

Let X = [0,1] and

elx| ifxe (277,271, ne N,
“TS(X):{OH ifx:g). |

o ]_-8(0) L 70 =, Uy := {minimizers of 7O} = [0, 1],

n—k ; —n o5—n+1
k), [ € F|x| ifxe (22 ], neN,
Fe (X)_{o if x = 0.
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2-Order Gamma-Asymptotic Development

. (i-1) _ . (i—1) _
]:g(l) = e Smf]: L F fori=1,..., k.

Let X = [0,1] and

elx| ifxe (277,271, ne N,
“TS(X):{OH ifx:(O. |

o FO L 7O =0, 1y := {minimizers of 7(®} = [0,1],

(k) e k|x| ifxe (27,27, neN,
e =10 if x = 0.

o Uy := {minimizers of F(K)} = [0,27],
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2-Order Gamma-Asymptotic Development

. (i-1) _ . (i—1) _
]:g(l) = e Smf]: L F fori=1,..., k.

Let X = [0,1] and

[ e"x|] ifxe (27" 27", neN,
fe(X)—{ 0 ifx=0
o J_—E(O) L FO =0 1y := {minimizers of F(©)} = [0,1],

(k) e k|x| ifxe (27,27, neN,
e =10 if x = 0.

o Uy := {minimizers of F(K)} = [0,27],

e {limits of minimizers of F; } = N, Uk.
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2-Order Gamma-Asymptotic Development

]:8("71) — inf FU-1)

FO = ! LFO fori=1,... k
Let X =R and

Fe(x) = e 1/¢|x|




Asymptotic Development
00000®

2-Order Gamma-Asymptotic Development

.7:'8("71) —inf FU-1

F = . - F0 fori=1,..., k.
Let X =R and

Fe(x) = e 1/¢|x|

o 7O L FO =0
o Uy := {minimizers of F(O} = R,
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2-Order Gamma-Asymptotic Development

.7:'8("71) —inf FU-1

F = . - F0 fori=1,..., k.
Let X =R and

Fe(x) = e 1/¢|x|

o 7O L FO =0

o Up := {minimizers of F(O} =R,
. —1/¢ .
° Fg(')(x) — eT\XL .7-—5(’) L F0) =0 for all i,
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2-Order Gamma-Asymptotic Development

.7'"8([ Y _inf FU-1 ¢

F = . - F0 fori=1,..., k.
Let X =R and

Fe(x) = e 1/¢|x|

o 7V L FO =

o Uy := {mlmmlzers of FO} =R,
-1/

o F)(x) =
o U; := {minimizers of ()1 = R,

|x|, FO L F0) =0 for all /,
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2-Order Gamma-Asymptotic Development

.7'"8([ Y _inf FU-1 ¢

F = . - F0 fori=1,..., k.
Let X =R and

Fe(x) = e 1/¢|x|

o 7V L FO =
o Uy := {mlmmlzers of FO} =R,

-1/
o FN(x) = L ixl, £O L F0) = 0 for all i,
e U; := {minimizers of .7-"(/)} =R,
o {limits of minimizers of 7, } = {0} CU;=---=Uy =R

for all /
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Modica—Mortola, Cahn—Hilliard Functional

Van Der Waals— Cahn—Hilliard Theory for Phase
Transitions

@ Free energy
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Conclusions

Modica—Mortola, Cahn—Hilliard Functional

Van Der Waals— Cahn—Hilliard Theory for Phase
Transitions

@ Free energy
Fg(u):/ (W () + 2| Vul?) dx
Q

e OCRN open, bounded, container
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Modica—Mortola, Cahn—Hilliard Functional

Van Der Waals— Cahn—Hilliard Theory for Phase
Transitions

@ Free energy
Fg(u):/ (W () + | Vul?) dx.
Q

e OCRVN open, bounded, container
@ u density of a fluid,
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Modica—Mortola, Cahn—Hilliard Functional

Van Der Waals— Cahn—Hilliard Theory for Phase
Transitions

@ Free energy
Fg(u):/ (W () + 2| Vul?) dx
Q

e OCRVN open, bounded, container
@ u density of a fluid,

° fQ udx = m, where m total mass of the fluid,

xxxxx

clusions
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Modica-Mortola, Cahn—Hilliard Functional

Van Der Waals— Cahn—Hilliard Theory for Phase
Transitions

Free energy
Fg(u):/ (W () + 2| Vul?) dx
Q

QCRV open, bounded, container

u density of a fluid,

fQ udx = m, where m total mass of the fluid,

W double-well potential, W >0, W=({0}) = {a, b}, a < b,
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Modica—Mortola, Cahn—Hilliard Functional

Van Der Waals— Cahn—Hilliard Theory for Phase
Transitions

Free energy

e O C RV open, bounded,

o u of a fluid,

° fQ udx = m, where m of the fluid,

o W double-well potential, W >0, W=1({0}) = {a, b}, a < b,

@ Van Der Waals (1893), Cahn and Hilliard (1958), Gurtin
(1987)
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Modica-Mortola, Cahn—Hilliard Functional

Zero Order Gamma Limit
Take X = L1(Q)), W=1({0}) = {#1}, and

Fe(u) := /Q (W (u) + €| Vul?) dx
if ue H'(Q), [ udx =m, and F¢(u) := oo otherwise in L' ().
@ Zero Order I'-limit
FOW) = [ W(wdx
0

if u€e L}(Q), [yudx=m, and F©(u) = oo otherwise in
L1(Q),
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Modica—Mortola, Cahn—Hilliard Functional

Zero Order Gamma Limit
Take X = L1(Q)), W=1({0}) = {#1}, and

Fu(u) SZ/Q(W(U)—i—€2|Vu\2) dx

if ue H'(Q), [ udx =m, and F¢(u) := oo otherwise in L' ().
@ Zero Order I'-limit

FO) = /Q W (u) dx

if ue L}(Q), [udx=m, and FO)(u) = oo otherwise in
LH(Q),
e minimizers of F(0):

Uy = {1)(5 —1Xq\e : E Borel, measE = meazﬂ}
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Modica—Mortola, Cahn—Hilliard Functional

Zero Order Gamma Limit
Take X = L1(Q)), W=1({0}) = {#1}, and

Fu(u) :=/()(W<u)+e2\vu\2) dx

if ue H'(Q), [ udx =m, and F¢(u) := oo otherwise in L' ().
@ Zero Order I'-limit

FO) = /Q W (u) dx

if ue L}(Q), [udx=m, and FO)(u) = oo otherwise in
LH(Q),
o minimizers of F(©);

Uo = {1xe - 1xo\e : E Borel, measE = meas EEm |

e inf F(0) =,
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Modica—Mortola, Cahn—Hilliard Functional

Zero Order Gamma Limit
Take X = L1(Q)), W=1({0}) = {#1}, and

Fu(u) 1=/Q(W(U)+€2|Vu\2) dx

if ue H'(Q), [ udx =m, and F¢(u) := oo otherwise in L' ().
@ Zero Order I'-limit

FO) = /Q W (u) dx

if ue L}(Q), [udx=m, and FO)(u) = oo otherwise in
LH(Q),
o minimizers of F(©);

Uo = {1xe — Lxa\g : E Borel, meas £ = meastm}

o inf F(O) =0,
@ Non-physical solutions.
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Modica—Mortola, Cahn—Hilliard Functional

First Order Gamma Limit

FY = -
e inf F(O) =0,
Fw = [ (W) +elVuP)difue H(Q), [ udc=m
o) Q

and fe(l)(u) = oo otherwise in L1(Q)),
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Modica-Mortola, Cahn—Hilliard Functional

First Order Gamma Limit

o inf F(O) =
FOW) = [ (W) +elVuP)dxif ue H(Q), [udc=m
o) (@)

and fﬁl)(u) = oo otherwise in L1(Q)),
@ First Order I'-limit:

FO(4) = ¢ Perg {u =1} if u € BV(Q; {£1}), / udx = m
Q

and F)(u) = oo otherwise in L1(Q2)
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Modica—Mortola, Cahn—Hilliard Functional

First Order Gamma Limit

o inf FO) =0,
FO () :/ (LW (u) + e Vul?) dx if u € H(€), / udx = m
@) @)
and ftg(l)(u) = oo otherwise in L1(Q)),
@ First Order I'-limit:
FO(4) = ¢y Perg {u =1} if u € BV(Q; {£1}), / udx = m
Q

and F)(u) = oo otherwise in L1(QQ)
@ Perq {u = 1} surface area of d {u =1} in (),

c = 2f711 vV W(s) ds,
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Modica—Mortola, Cahn—Hilliard Functional

First Order Gamma Limit

e inf FO) =,
]:8(1)(“) - / (%W(u) —|—£|Vu|2) dx if u € HY(Q), / udx =m
O Q

and ftg(l)(u) = oo otherwise in L1(Q)),
@ First Order I'-limit:

FO(4) = ¢y Perg {u =1} if u € BV(Q; {£1}), /Q udx = m

and F)(u) = oo otherwise in L1(QQ)

o Perq {u = 1} surface area of 0 {u =1} in Q,
o = 2f_11 VvV W(s)ds,

e Carr, Gurtin, and Slemrod (1984) for N = 1, Modica and
Mortola (1979) W(s) = sin? (7rs), Modica (1987), Sternberg
(1988) for N > 1.
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Modica—Mortola, Cahn—Hilliard Functional

First Order Gamma Limit
FO(u) = ¢y Perg {u =1} if u € BV(Q; {£1}), / udx = m
Q

and F)(u) = oo otherwise in L1(Q))

o minimizers of F(: Uy = {1xg, — 1X0\E, }» Where Eg C Q)
minimizes

min {Perq E: E C Q, E Borel, meas £ = measQtm1
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Modica—Mortola, Cahn—Hilliard Functional

First Order Gamma Limit
FO(u) = ¢y Perq {u =1} if ue BV(Q; {£1}), / udx=m
Q

and F)(u) = oo otherwise in L1(Q))

o minimizers of F(: Uy = {1xg, — 1X0\E, }» Where Eg C Q)
minimizes

min {Perq E: E C Q), E Borel, measE = meazﬁ}

@ Eq is regular for N < 7, has constant mean curvature x,
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Modica—Mortola, Cahn—Hilliard Functional

First Order Gamma Limit
FO(u) = ¢y Perq {u =1} if ue BV(Q; {£1}), / udx=m
Q

and F)(u) = oo otherwise in L1(Q))

o minimizers of F(: Uy = {1xg, — 1X0\E, }» Where Eg C Q)
minimizes

min {Perq E: E C Q), E Borel, measE = meazﬁ}

o Egy is regular for N < 7, has constant mean curvature x,

o if () is regular, then Ey meets 0() transversally,
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Modica—Mortola, Cahn—Hilliard Functional

First Order Gamma Limit

FO(u) = ¢y Perq {u =1} if ue BV(Q; {£1}), /Q udx=m

and F)(u) = oo otherwise in L1(Q))
o minimizers of F(: Uy = {1xg, — 1X0\E, }» Where Eg C Q)
minimizes

min {Perq E: E C Q), E Borel, measE = meazﬁ}

o FEy is regular for N < 7, has constant mean curvature x,
e if () is regular, then Ey meets d() transversally,
e Gonzalez, Massari and Tamanini (1983), Griiter (1987)
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Modica—Mortola, Cahn—Hilliard Functional

Second Order Gamma Limit

F —inf FO
£

o inf FU) = ¢ Perq Eg, Eg C Q) minimizer,

fQ( +€|Vu| )dx—co Perq Eg

FO () = .

if ue HY(Q), [, u dx = mand .7:8(2)(u) = oo otherwise in

LH(Q)),

Conclusions
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Modica—Mortola, Cahn—Hilliard Functional

Second Order Gamma Limit

F —inf FO
€

o inf F) = ¢ Perq Eg, Eg C Q) minimizer,

fg(2)(u) fQ ( + €|VL;| ) dx — ¢y Perg Ep
if ue HY(Q), [u dx=mand .7-"8(2)(u) = oo otherwise in
LY(Q),
o N=1, Q= (—L,L), Carr, Gurtin, and Slemrod (1984): If v,

mininimizer of Fg:

L
/ (W (ue) + €| ul]?) dx = coe + O™ ).
J—L
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Modica—Mortola, Cahn—Hilliard Functional

Second Order Gamma Limit

F —inf FO
€

o inf F) = ¢ Perq Eg, Eg C Q) minimizer,

£y = J (LW +e90) & aPera

if ue H'(Q), [u dx=mand .7-"8(2)(u) = oo otherwise in
L1(Q),
e N=1,Q0=(-L,L), Carr, Gurtin, and Slemrod (1984): If v,

mininimizer of F:
L
/ (W (ue) + €|uf]?) dx = coe + O(e™).
—L

o F(K) =0 forall k> 2.
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Modica-Mortola, Cahn—Hilliard Functional
Second Order Gamma Limit, N =1
@ Anzellotti and Baldo (1993)
W=t ({0})=[-1-6,—-1+6]U[Ll—6,1+6], where
0<6<1,
/L udcx=m~> u(—L)=a, u(l)=2§.

—L
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Modica—Mortola, Cahn—Hilliard Functional

Second Order Gamma Limit, N =1
@ Anzellotti and Baldo (1993)
W= ({0})=[-1-6,—1+6U[l—5,1+6], where
0<d<1l,
L
/ udx=m~> u(—L)=a, u(l)=2§.
L
e () =T torus, Bellettini, Nayam, Novaga (2013): If
{u:} € HY(T) with ue — g in LY(T), up € BV(T;{—-1,1}),
there exist dp e — Xp41 — Xn, n =1, ..., £, where x;'s are the
jumps of ug such that
fT (i(ue2 —1)°+ €|u£|2) dx — col
€

> —16\6 i e*\/idn,s/'g +o (e*3\/§dn,s/(25)) )
n=1
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Modica—Mortola, Cahn—Hilliard Functional

Second Order Gamma Limit, N =1
@ Anzellotti and Baldo (1993)
W=t ({0})=[-1-68,-1+6]U[Ll—6,1+6], where
0<d<1l,
L
/ udx=m~> u(—L)=a, u(l)=2§.
L
e ) =T torus, Bellettini, Nayam, Novaga (2013): If
{us} € HY(T) with u; — wp in LY(T), up € BV(T; {—1,1}),
there exist dp e — Xp41 — Xn, n =1, ..., £, where x;'s are the
jumps of ug such that
fT (%(ue2 —1)? +8|u£|2) dx — col
€

Z _16\/5 Zé: e*\/idn,e/g +o0 <e73\/§dn,s/(2€)> ,

n=1

@ This inequality is
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Modica—Mortola, Cahn—Hilliard Functional

Second Order Gamma Limit, N =1
@ Anzellotti and Baldo (1993)
W=t ({0})=[-1-68,-1+6]U[Ll—6,1+6], where
0<d<1l,
L
/ udx=m~> u(—L)=a, u(l)=2§.
L
e ) =T torus, Bellettini, Nayam, Novaga (2013): If
{us} € HY(T) with u; — wp in LY(T), up € BV(T; {—1,1}),
there exist dp e — Xp41 — Xn, n =1, ..., £, where x;'s are the
jumps of ug such that
fT (%(ue2 —1)? +8|u£|2) dx — col
€

Z _16\/5 Zé: e*\/idn,e/'g +o0 <e73\/§dn,s/(2€)> ,

n=1

@ This inequality is sharp
@ Similar result for W of class C? quadratic at +1.
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Modica—Mortola, Cahn—Hilliard Functional

Second Order Gamma Limit, N > 2
o Anzellotti, Baldo, and Orlandi (1996) W (s) = s2,

/udx:mw u=g>0 ondQ.
o)
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Modica—Mortola, Cahn—Hilliard Functional

]__E(z)(u) _ fQ (l%g(u2 —1)2+ £|Vu|2) dx — ¢ Perq Eg
€
if ue HY(Q), [yu dx=mand .7:8(2)(u) = oo otherwise in
L1(Q)), where Ey minimizes

min{PerQE: E C Q), E Borel, measE = measzﬂ}

Theorem (G.L. and Murray)

Let QOC RN, 2< N<7, be open, bounded, of class C**, a > 0.
Then for L' a.e. mass m,

]:(2) (U) _ (N;1)2 K2

ifu=1xg — 1xa\g and F@)(u) = oo otherwise in L*(Q)).

@ Similar result for W of class C? quadratic at +1.
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Modica—Mortola, Cahn—Hilliard Functional

fQ (%ﬁg‘lﬂ _ 1|/5 + g]Vu|2) dx — ¢y Perg Eg

F& (u) - . l<B<2

if ue H'(Q), [udx=mand ]-"8(2)(u) = o0 otherwise in
L1(Q)), where Ey minimizer

Theorem (G.L. and Murray)

Let QO C RN, 2 < N <7, be open, bounded, of class C>*, o > 0.
Then for L' a.e. mass m,

F@w)y=o0

if u=1xg, — 1xq\g, and F@)(u) = oo otherwise in L*(0}).

e Dal Maso, Fonseca and G.L. (2015) under the additional
hypothesis u, = 1 on 9Q).
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fQ (%ﬁg‘lﬂ _ 1|/5 + g]Vu|2) dx — ¢y Perg Eg

F& (u) - . l<B<2

if ue H'(Q), [udx=mand ]-"8(2)(u) = o0 otherwise in
L1(Q)), where Ey minimizer

Theorem (G.L. and Murray)

Let QO C RN, 2 < N <7, be open, bounded, of class C>*, o > 0.
Then for L' a.e. mass m,

F@w)y=o0

if u=1xg, — 1xq\g, and F@)(u) = oo otherwise in L*(0}).

e Dal Maso, Fonseca and G.L. (2015) under the additional
hypothesis v, = 1 on 9Q).
e Ey = Ball compactly contained in Q).
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Why for a.e. Mass?

Isoperimetric function

In(s) := min{Perq E: E C Q) Borel, measE = s} .

Need I to satisfy a Taylor formula of order 2 at

Sm = meas Q+m.

If Q) convex = In concave Sternberg and Zumbrun (1999)

If O of class C?> = I semi-concave Bavard and Pansu (1986)
no boundary, Murray and Rinaldi (2015),

o If O of class C? = In satisfies a Taylor formula of order 2 at
Llae. s.
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Modica—Mortola, Cahn—Hilliard Functional

Main Tools

Asymptotic development by Gamma convergence. Anzellotti
and Baldo (1993)

A type of rearrangement for Neumann problems Cianchi,
Edmunds, and Gurka (1996).

@ Gamma convergence for weighted 1-dimensional functional

He(u) = /TT [i(lﬂ C 124 22| w(t) dt.

In the radial case w(t) = tN~1 Niethammer (1995)
Sternberg and Zumbrun (1998, 1999)
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Mass—Preserving Allen—Cahn Equation

ur = Au— 13 +ut+A in Qx(0,00),

g—]‘j:O on 0Q) x (0, c0),
u(x,0) = up(x) in Q,

@ A Lagrange multiplier accounting for [, u(x,t) dx =m
@ proposed by Rubinstein and Sternberg (1992),

o up = —1xo\g + 1Xg, where Eg C () minimizes

min{PerQE: E C Q), E Borel, measE = meazﬂ}
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up = e2Au— w3 +utA in Qx(0,00),

u_ g on 9Q) x (0, ), (NAC)
U(X,O) = UO,S(X) in Q,

Theorem (Murray and Rinaldi)

Let QO C RN, N <7, be open, bounded, of class C>%, x > 0.
Then for L* a.e. mass m, if {uye} C H'(Q), [ uoedx = m,
ug,e — up in L1(Q), and

/Q (L(1d . —1)? + €%|Vuo,|?) dx < co Perq Ege + Cé?,
then for every M > 0 solutions ue of (NAC) satisfy

lim  sup / |ue(x, t) — up(x)| dx = 0.
QO

=0T g<t<M /e

Similar result for Cahn-Hilliard equation.
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Slow Motion: Mass—Preserving Allen—Cahn Equation

up = e2Au— P +u+A in Qx(0,00),
du_ on 9Q) x (0, 00), (NAC)
U(X,O) — uO,S(X) in Q,

Murray and Rinaldi

up = —1xo\g + XK.
where Eg C Q) local minimizer
e Fy =Balle O,

@ Ej local minimizer with positive second variation.
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Allen and Cahn (1979)

up = e2Au—ud+u in Qx(0,00),

g_s =0 on 9Q) x (0, c0), (AC)
u(x,0) = up(x) in Q,

e The Dynamical Approach: N = 1: Fusco and Hale (1989),
Carr and Pego (1989), N > 2: Chen (1992), Kowalczyk
(1997), dynamics of a straight interface on a special domain,
Ei and Yanagida (1997), dynamics of a straight interface on a
strip-like domain, Alikakos, Bronsard, Fusco (1998), dynamics
of a ball for nonlocal Allen—Cahn equation
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Slow Motion

Allen and Cahn (1979)

ur = Au—ud+u in Qx(0,0),
% =0 on 9Q) x (0, c0), (AC)
U(X,O) = UO(X) in Q,

e The Dynamical Approach: N = 1: Fusco and Hale (1989),
Carr and Pego (1989), N > 2: Chen (1992), Kowalczyk
(1997), dynamics of a straight interface on a special domain,
Ei and Yanagida (1997), dynamics of a straight interface on a
strip-like domain, Alikakos, Bronsard, Fusco (1998), dynamics
of a ball for

e The Energy Approach: N = 1, Bronsard and Kohn (1990),
Grant (1995), N > 2, Bronsard and Kohn (1991), radial case.
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