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2-Order Gamma-Asymptotic Development

Gamma-Convergence

De Giorgi (1975), De Giorgi and Franzoni (1975)

Definition

X metric space, Fε : X → [−∞,∞], ε > 0, Γ-converges if there
exists F (0) : X → [−∞,∞] such that

for every x ∈ X and every xε → x ,

lim inf
ε→0+

Fε(xε) ≥ F (0)(x),

for every x ∈ X there exists xε → x such that

lim
ε→0+

Fε(xε) ≤ F (0)(x)

We write Fε
Γ→ F (0).



Asymptotic Development Slow Motion Conclusions:

2-Order Gamma-Asymptotic Development

Gamma-Convergence

De Giorgi (1975), De Giorgi and Franzoni (1975)

Definition

X metric space, Fε : X → [−∞,∞], ε > 0, Γ-converges if there
exists F (0) : X → [−∞,∞] such that

for every x ∈ X and every xε → x ,

lim inf
ε→0+

Fε(xε) ≥ F (0)(x),

for every x ∈ X there exists xε → x such that

lim
ε→0+

Fε(xε) ≤ F (0)(x)

We write Fε
Γ→ F (0).



Asymptotic Development Slow Motion Conclusions:
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Gamma-Asymptotic Developments

Anzellotti and Baldo (1993)

Definition

X metric space, Fε : X → (−∞,∞] has a Γ-asymptotic
development of order k,

F (0)ε
Γ
= F (0) + εF (1) + · · ·+ εkF (k ) + o(εk ),

if there exist F (i ) : X → [−∞,∞], i = 1, . . . , k, such that

F (0)ε
Γ→ F (0), where F (0)ε := Fε,

F (i )ε :=
F (i−1)ε − inf F (i−1)

ε

Γ→ F (i ) for i = 1, . . . , k.
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2-Order Gamma-Asymptotic Development

F (0)ε
Γ
= F (0) + εF (1) + · · ·+ εkF (k ) + o(εk ),

F (i )ε :=
F (i−1)ε − inf F (i−1)

ε

Γ→ F (i ) for i = 1, . . . , k .

Ui := {minimizers of F (i )}

F (i ) ≡ ∞ in X \ Ui−1
let εm → 0+ and assume that there is a minimizer xm ∈ X of
Fεm and xm → x

{limits of minimizers of Fεm} ⊆ Uk ⊆ · · · ⊆ U0,
inf Fεm = inf F (0) + εm inf F (1) + · · ·+ εkm inf F (k ) + o(εkm).
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2-Order Gamma-Asymptotic Development

F (i )ε :=
F (i−1)ε − inf F (i−1)

ε

Γ→ F (i ) for i = 1, . . . , k .

Example

Let X = R and
Fε(x) = εk |x |

F (0)ε
Γ→ F (0) ≡ 0, U0 := {minimizers of F (0)} = R,

F (i )ε (x) = εk−i |x |, F (i )ε
Γ→ F (i ) ≡ 0 for all i = 1, . . . , k − 1,

Ui := {minimizers of F (i )} = R,

F (k )ε (x) = |x |,
{limits of minimizers of Fεm} = Uk ⊂ Uk−1 = · · · = U0.
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F (i )ε :=
F (i−1)ε − inf F (i−1)

ε

Γ→ F (i ) for i = 1, . . . , k .

Example

Let X = [0, 1] and

Fε(x) =
{

εn |x | if x ∈ (2−n, 2−n+1], n ∈N,
0 if x = 0.

F (0)ε
Γ→ F (0) ≡ 0, U0 := {minimizers of F (0)} = [0, 1],
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{

εn−k |x | if x ∈ (2−n, 2−n+1], n ∈N,
0 if x = 0.

Uk := {minimizers of F (k )} = [0, 2−k ],
{limits of minimizers of Fεm} =

⋂
k Uk .
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Modica—Mortola, Cahn—Hilliard Functional

Van Der Waals—Cahn—Hilliard Theory for Phase
Transitions

Free energy

Fε(u) =
∫

Ω

(
W (u) + ε2|∇u|2

)
dx .

Ω ⊂ RN open, bounded, container

u density of a fluid,∫
Ω u dx = m, where m total mass of the fluid,

W double-well potential, W ≥ 0, W−1({0}) = {a, b}, a < b,
Van Der Waals (1893), Cahn and Hilliard (1958), Gurtin
(1987)
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Modica—Mortola, Cahn—Hilliard Functional

Zero Order Gamma Limit
Take X = L1(Ω), W−1({0}) = {±1}, and

Fε(u) :=
∫

Ω

(
W (u) + ε2|∇u|2

)
dx

if u ∈ H1(Ω),
∫

Ω u dx = m, and Fε(u) := ∞ otherwise in L1(Ω).

Zero Order Γ-limit

F (0)(u) =
∫

Ω
W (u) dx

if u ∈ L1(Ω),
∫

Ω u dx = m, and F (0)(u) = ∞ otherwise in
L1(Ω),

minimizers of F (0):

U0 =
{
1χE − 1χΩ\E : E Borel, measE = measΩ+m

2

}
inf F (0) = 0,
Non-physical solutions.
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Modica—Mortola, Cahn—Hilliard Functional

First Order Gamma Limit

F (1)ε :=
F (0)ε − inf F (0)

ε

inf F (0) = 0,

F (1)ε (u) =
∫

Ω

( 1
εW (u) + ε|∇u|2

)
dx if u ∈ H1(Ω),

∫
Ω
u dx = m

and F (1)ε (u) = ∞ otherwise in L1(Ω),

First Order Γ-limit:

F (1)(u) = c0 PerΩ {u = 1} if u ∈ BV (Ω; {±1}),
∫

Ω
u dx = m

and F (1)(u) = ∞ otherwise in L1(Ω)
PerΩ {u = 1} surface area of ∂ {u = 1} in Ω,
c0 := 2

∫ 1
−1
√
W (s) ds,

Carr, Gurtin, and Slemrod (1984) for N = 1, Modica and
Mortola (1979) W (s) = sin2 (πs), Modica (1987), Sternberg
(1988) for N ≥ 1.
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−L

(
W (uε) + ε2|u′ε|2

)
dx = c0ε+O(e−c ε).

F (k ) = 0 for all k ≥ 2.
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Second Order Gamma Limit, N = 1

Anzellotti and Baldo (1993)
W−1 ({0}) = [−1− δ,−1+ δ] ∪ [1− δ, 1+ δ], where
0 < δ < 1,∫ L

−L
u dx = m u(−L) = α, u(L) = β.

Ω = T torus, Bellettini, Nayam, Novaga (2013): If
{uε} ⊂ H1(T) with uε → u0 in L1(T), u0 ∈ BV (T; {−1, 1}),
there exist dn,ε → xn+1 − xn, n = 1, . . . , `, where xi’s are the
jumps of u0 such that∫

T

( 1
4ε (u

2
ε − 1)2 + ε|u′ε|2

)
dx − c0`

ε

≥ −16
√
2

`

∑
n=1

e−
√
2dn,ε/ε + o

(
e−3
√
2dn,ε/(2ε)

)
,

This inequality is sharp
Similar result for W of class C 2 quadratic at ±1.
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Second Order Gamma Limit, N ≥ 2
Anzellotti, Baldo, and Orlandi (1996) W (s) = s2,∫

Ω
u dx = m u = g > 0 on ∂Ω.
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F (2)ε (u) =

∫
Ω

( 1
4ε (u

2 − 1)2 + ε|∇u|2
)
dx − c0 PerΩ E0

ε

if u ∈ H1(Ω),
∫

Ω u dx = m and F (2)ε (u) = ∞ otherwise in
L1(Ω), where E0 minimizes

min
{
PerΩ E : E ⊂ Ω, E Borel, measE = measΩ+m

2

}
.

Theorem (G.L. and Murray)

Let Ω ⊂ RN , 2 ≤ N ≤ 7, be open, bounded, of class C 2,α, α > 0.
Then for L1 a.e. mass m,

F (2)(u) = − (N−1)
2

9 κ2

if u = 1χE0 − 1χΩ\E0 and F (2)(u) = ∞ otherwise in L1(Ω).

Similar result for W of class C 2 quadratic at ±1.
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F (2)ε (u) =

∫
Ω

(
1
2βε |u2 − 1|β + ε|∇u|2

)
dx − c0 PerΩ E0

ε
, 1 < β < 2.

if u ∈ H1(Ω),
∫

Ω u dx = m and F (2)ε (u) = ∞ otherwise in
L1(Ω), where E0 minimizer

Theorem (G.L. and Murray)

Let Ω ⊂ RN , 2 ≤ N ≤ 7, be open, bounded, of class C 2,α, α > 0.
Then for L1 a.e. mass m,

F (2)(u) = 0

if u = 1χE0 − 1χΩ\E0 and F (2)(u) = ∞ otherwise in L1(Ω).

Dal Maso, Fonseca and G.L. (2015) under the additional
hypothesis uε = 1 on ∂Ω.

E0 ⇒ Ball compactly contained in Ω.
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Why for a.e. Mass?

Isoperimetric function

IΩ(s) := min {PerΩ E : E ⊂ Ω Borel, measE = s} .

Need IΩ to satisfy a Taylor formula of order 2 at

sm := measΩ+m
2 .

If Ω convex ⇒ IΩ concave Sternberg and Zumbrun (1999)

If Ω of class C 2 ⇒ IΩ semi-concave Bavard and Pansu (1986)
no boundary, Murray and Rinaldi (2015),

If Ω of class C 2 ⇒ IΩ satisfies a Taylor formula of order 2 at
L1 a.e. s.
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Main Tools

Asymptotic development by Gamma convergence. Anzellotti
and Baldo (1993)

A type of rearrangement for Neumann problems Cianchi,
Edmunds, and Gurka (1996).

Gamma convergence for weighted 1-dimensional functional

Hε(u) =
∫ T

−T

[
1
4
(u2 − 1)2 + ε2|u′|2

]
ω(t) dt.

In the radial case ω(t) = tN−1 Niethammer (1995)

Sternberg and Zumbrun (1998, 1999)
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Mass—Preserving Allen—Cahn Equation


ut = ε2∆u − u3 + u+λ in Ω× (0,∞),
∂u
∂ν = 0 on ∂Ω× (0,∞),
u(x , 0) = u0,ε(x) in Ω,

λ Lagrange multiplier accounting for
∫

Ω u(x , t) dx = m,

proposed by Rubinstein and Sternberg (1992),

u0 = −1χΩ\E0 + 1χE0 , where E0 ⊂ Ω minimizes

min
{
PerΩ E : E ⊂ Ω, E Borel, measE = measΩ+m

2

}
,
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ut = ε2∆u − u3 + u+λ in Ω× (0,∞),
∂u
∂ν = 0 on ∂Ω× (0,∞),
u(x , 0) = u0,ε(x) in Ω,

(NAC)

Theorem (Murray and Rinaldi)

Let Ω ⊂ RN , N ≤ 7, be open, bounded, of class C 2,α, α > 0.
Then for L1 a.e. mass m, if {u0,ε} ⊂ H1(Ω),

∫
Ω u0,ε dx = m,

u0,ε → u0 in L1(Ω), and∫
Ω

( 1
4 (u

2
0,ε − 1)2 + ε2|∇u0,ε|2

)
dx ≤ c0 PerΩ E0ε+ C ε2,

then for every M > 0 solutions uε of (NAC ) satisfy

lim
ε→0+

sup
0≤t≤M/ε

∫
Ω
|uε(x , t)− u0(x)| dx = 0.

Similar result for Cahn—Hilliard equation.
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Slow Motion: Mass—Preserving Allen—Cahn Equation


ut = ε2∆u − u3 + u+λ in Ω× (0,∞),
∂u
∂ν = 0 on ∂Ω× (0,∞),
u(x , 0) = u0,ε(x) in Ω,

(NAC)

Murray and Rinaldi

u0 = −1χΩ\E0 + 1χE0 ,

where E0 ⊂ Ω local minimizer

E0 =Ballb Ω,

E0 local minimizer with positive second variation.
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Slow Motion

Allen and Cahn (1979)
ut = ε2∆u − u3 + u in Ω× (0,∞),
∂u
∂ν = 0 on ∂Ω× (0,∞),
u(x , 0) = u0(x) in Ω,

(AC)

The Dynamical Approach: N = 1: Fusco and Hale (1989),
Carr and Pego (1989), N ≥ 2: Chen (1992), Kowalczyk
(1997), dynamics of a straight interface on a special domain,
Ei and Yanagida (1997), dynamics of a straight interface on a
strip-like domain, Alikakos, Bronsard, Fusco (1998), dynamics
of a ball for nonlocal Allen—Cahn equation

The Energy Approach: N = 1, Bronsard and Kohn (1990),
Grant (1995), N ≥ 2, Bronsard and Kohn (1991), radial case.
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