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This presentation is devoted to study a simplified scalar model of perfect plasticity
focussing on the time/space hyperbolic structure of the equations. It is well known that
the system of dynamical linearized elasticity can be written as a boundary value symmetric
linear hyperbolic system, called Friedrichs’ system. Using recent works on Friedrichs’
systems under convex constraints [1] or with boundary conditions [2], we reformulate the
model of dynamical elasto-plasticity as a constrained boundary value hyperbolic system,
and show that the natural boundary conditions emerging from this new formulation are
of Robin type. More precisely, our purpose is to investigate the following problem: given
Ω ⊂ RN a bounded smooth open set, we look for functions u : (0, T ) × Ω → R and σ,
p : (0, T )× Ω→ RN such that

∂ttu− div σ = f, and ∇u = σ + p, in (0, T )× Ω,
σ ∈ K, and σ · ∂tp = |∂tp|, in (0, T )× Ω,
(u, ∂tu, σ, p) (0) = (u0, v0, σ0, p0), in Ω, “∂tu+ 1

λ
σ · ν = 0”, in (0, T )× ∂Ω,

(1)

where λ > 0, and K is the closed unit ball of RN . The variable u stands for a displacement
field, σ is a stress and p is an internal variable describing the evolution of plasticity. The
resolution of (1) is performed by means of a visco-elasto-plastic regularization which
consists in adding up a diffusive term in ∂tu, and relaxing the constraint in σ. For each
ε > 0, we consider the problem

∂ttuε − div (σε + ε∇∂tuε) = fε, in (0, T )× Ω,
∇uε = σε + pε, and ∂tpε = − (PK(σε)− σε) /ε, in (0, T )× Ω,
(u, ∂tu, σ, p) (0) = (u0, v0, σ0, p0), in Ω,
∂tuε + 1

λ
(σε + ε∇∂tuε) · ν = gε, in (0, T )× ∂Ω.

(2)

We will then explain how one can get a solution to (1) when when passing to the limit as ε
tends to zero in (2). In particular, a concentration phenomena, classical in plasticity, in the
variable u forces one to relax the boundary condition into a nonlinear one, compatible with
the constraint on σ. This work is a first insight into the comprehension of the interaction
between convex constraints and boundary conditions in the framework of linear hyperbolic
systems.

The talk is based on joint work with Bruno DESPRÉS and Nicolas SEGUIN.
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