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> An old story: dimension reduction 3d — 2d, many papers in linearized
elasticity, nonlinear elasticity with challenging questions,

» More recent: same idea with a different metric.

“A material aims at achieving a prescribed metric.”
Is this possible at the 3d-level? What are the induced 2d-models?



Part 1. Classical results, 1993-2006

1.1. 3d-elastic body classical internal elastic energy
I(®) = / W(V®(x))dx, W : M3t —RT stored energy density,
Q
M3t .= {F e M3;det F > 0}.

Hypotheses
> Frame indifference W(F)= W(FTF),
> W(ld)=0; W(F)=0«< F € SO(3).
Then, W min on SO(3), a—‘;__v(ld) =0, Q natural state.

Under external loads, an equilibrium state in a “minimizer’ on WP(Q;R3) of
I(Cb)f/ f-®dx with b.c.
Q

What are the minimizers when f =07 rigid motions (b.c. compatible)
Indeed,



I(<D):/ W(VO(x))dx, () =0 iff Vo(x)TVd(x) = Id,

Q

and Liouville theorem

[@:Q—R3, VO(x)TVO(x) = Id,det VO(x) > 0] & [3R € SO(3), Vx, d(x) = Rx+c].

Three proofs
1. y=®—d(0), y preserves the inner product, hence is linear,

2. differentiate d;®(x) - d;®(x) = §j;, obtain J;®(x) =0,

3. scheme for more sophisticated results: V®(x) € SO(3),
hence V& = Cof V®; Ad = divV® = divCof V& =0 (Piola).
Thus, ® is harmonic and C=. Now, |V®(x)|? = tr(Vd(x)) "V (x) = 3,

0= A([VO(x)[?) = 2|V2d(x)[2 + VO(x) : AVD(x) = 2|V2d(x)[%.

Order 2 derivatives are null.



1.2. Thin model hierarchy
Find the limit behavior of (almost) minimizers ®" : Q" = wx] — h, h[— R3 of

L W(Vd>(x))dx—/ fh.®dx with b.c.
2h Jqn Qh

» hierarchy of four models by asymptotic exp., with no a priori assumption,
Fox, R. & Simo, ARMA, 1993
1. nonlinear membrane model
2. (inextensional) nonlinear bending model
3. von Karman model
4. linear elasticity model

driven by the loading magnitude, can be expressed in terms of the
internal energy magnitude.

> rigorous convergence for the membrane model, Le Dret & R., JMPA, 1995

> rigorous convergence for the bending model, Friesecke, James & Miiller,
CPAM, 2002

> rigorous convergence for the vK model, Friesecke, James & Miiller,
ARMA, 2006; R., 2002.



Part 2. Induced metric
2.1. 3d-body with new internal energy, growth-induced
Let be given a

metric G : x € Q+ G(x) € S = {positive definite symetric}.

The material aims at satisfying
Vo Vo = G, det(Vd(x)) > 0.

Modeling proposed by Kupferman, Sharon, circa 2008.

Alternative formulation: let A?(x) = G(x), A€ S3F. There is an internal
energy that reads

I(®) = /Q W(VO(x)A 1(x))dx, det(Vo(x))> 0

still with W =0 on SO(3). When is this energy 07

I(®)=0 when V&(x)A"(x) e SO(3),det(Vd(x)) > 0,
ie, VOTVO =G, det(Vd(x)) > 0.



Is VO TV = G, det(Vd(x)) > 0 possible?

“Easy” : use 0 d;® = 9;jdxP in VoTVd = G. Obtain Z =0 where

=9 — . P _TrPr- e " ;
Rqijk = Ol ikg akruq+r,jrkqp M igp, six “independent” nonzero entries,

Cijg = 9;8iq + 9i8jq — 948> I—Z =gPjq, (877) = Gt

Conversely,
fundamental theorem of Riemannian geometry:
if Z =0, there exists ®, detV®(x) >0 and V&'V = G, G said flat metric.
Additional result, Lewicka & Pakzad, 2011
if Z # 0, we know that Ad € H1, || dist (Vd(-), SO(3)A(")) l2() =0.
In fact,
¢|g’51 [|dist (V& (-), SO(3)A())[l12(q) > 0.
Not obvious, because there is no reason why the inf should be attained.

Method of proof: reminiscent of the quantitative rigidity estimate.



2.2. Induced thin models, of interest even in the absence of loads or b.c.

PO Y TN

Problem setting: behavior of (almost) minimizers ®" of

() = %/ W(VO(x)AH(k)) dx, ®: Q"= wx]— h,h[— RS,
Qh
A only depends on X = (x1,x2). Magnitude of inf/"? I7(®) reads as well
1h(®) = / W(V,o(x)A" 1 (R))dx, ®:Q=0x]—1,1[—R3,
Q

1
where we keep the same notation ¢ th) = ((91¢,82<D, Eag,q))



/”(¢):/ W(Vd(x)A™L(x)) dx, V,,q>:(al¢7az¢,%ag¢)
Q

Order 0 model: Generalized membrane energy

Usual case A= Id. For F € M3x2, let Wo(F) = min{W(F); F € M3, F35» = F}.
jh @) Jo QWo(Vo(%)) dx, & = ¢ € WP(0;R3),

lo, Io(®) =
0 0( ) {+oo’ de LP(Q;R3)\W1’P(w;R3).

Easily,

QWo(Ve(x)) only depends on (Vo(X))T Vo(X) metric tensor

I()((p) =0 for Q00— ]R3 Eucl. isometry 8a(p . Qﬁ(p = Saﬁ (and more).
Note that zero-energy deformations for the 3d-model are SO(3), 2d-limit has
much more.
Fox, R. & Simo, Le Dret & R., Ben Belgacem.

General A(X). F € Mzy2, Wy(X,F):= min{W(FAfl(i)) JFeMB3, F3u0=F).

_p s V(s ~ — 1,p(m-123
/h r—LP(Q) o, Io(®) = Jo QWO(X,V(p(x))dx,di o WHP(w;R?),
+oo, ® € LP(Q;R3)\ WhP(@; R3).
Now, lo(¢) =0 as soon as

Ib(%) € R3 s.t (81(p()‘<)|82(p()’<)\b(>‘<))A’l()?) € S0(3)



i.e, omitting X,

VoTVe 8a<P-b) (Gaﬁ Ga3)

= , det(d1¢|d20|b) > 0.
<3a(/)-b ‘b|2 Gus Gs3 et(d19]d2¢|b)

It suffices to satisfy

p—
Vo' Vo =[Guplap=12:= Gax2. (1)
Indeed, b follows: given components along two vectors, norm and orientation.

Is (1) realizable? Yes, Nash-Kuiper circa 1954, with Cl-regularity, not C2
(curvature obstruction, Hilbert counter-example, 1901).

Even if the 3d-model has no zero-energy deformations (and inf > 0), 2d-limit
has.

Footnote: Isometric immersion of the flat torus into R3, based on Gromov construction (plenty of cheap

solutions), Hevea project.
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Order 2 model: Generalized bending energy

Usual case A= Id.
For F* € Moo, let Wo(FF) = min{W"(Id)(F,F); F € M3, Fpx = F},

1L FiT 2
=2u| B 124 2 (e FE)2,

" ronr @)

" o () = {31![(0 W, (Vo TVn)(%)) dz, ® = ¢ € H2(w;R3), iso,
h2 T 2=

+oo otherwise.

iso: 910 = 11920 = 1,019-320 =0, V@ Vn: surface curvature tensor
Obviously,

() =0 for ¢ : @ — R3 Eucl. isometry and null curvature tensor (first
and second forms equal to 0): ¢ € O(3)(x,0).

Fox, R. & Simo, Friesecke, James & Miiller, Pantz

0
Extended A(x) = Aap (%) 0
00 1

Ft € Mayo, Wa(R,F%) = min{ W (Id)(A"FA~1)2); F € M3, Farp = FF}.

h . 1 e (To\TT () s b — 2R3 ;
172 r—H(Q) b, b(®) = 3 fa) Wo (x.,((V(p) Vn)(x)) dx, & =@ € H*(o;RR>), iso,
h +oo0 otherwise.

iso: (V9)"Vp=Gaxz
Lewicka& Pakzad



General A(X).
Wa(x, F?) = min{W" (Id)(A~1(x) FA~1(%))?); F € M3, Farp = F?}.

3 [o Wa (%, (Vo TVb)(%)) dx, & = ¢ € H*(0;R3), iso,

+oo otherwise.

" rem @)

m h(®) = {

iso: (V) V= Gaxz Where b € HYN L™ uniquely defined in terms of ¢ as in slides
8and 9 je.

ﬁ(PT%gD o - b) <Gocﬁ Goc3>
= , det (d1¢|da@|b) > 0.
(aa(P'b ‘b‘2 Gus Gs3 et(d19|d20(b)

Or, letting Q = <8l(p(>'<)\81(p(>'<)|b(>?)>, there holds Q7 Q = G,detQ > 0.
Bhattacharya, Lewicka & Schiffner

Method of proof: extension of the quantitative rigidity estimate on slender domains, F.J.M, 2002
Qe R3 given: 3C(Q) >0,

Vo e Hl(Q;R:’)HR. gd50(3), IV~ Rl|;2(q) < C()[|dist(V®,50(3))]| 2 (g
indep. x

QF = wx]— h,h[ or alternatively, V), on Q: roughly speaking, Jc(®) >0,

[[Vao— RHLZ(Q) < CHdiSt(Vh®$SO(3))HL2(Q)

Vh Yo € HY(QR3),3R : 0~ SO(3). .
@=) @ {HVRHLz(w) < ¢ | dist(V0.50(3)) |20



(bis)
g @), )= 3 [ Wo (x-,(%T%)(x)) dx, ® = ¢ € H?(;R3), iso,
h +o0 otherwise.
If min/, =0, further information may be sought for.
mink = 0< 3¢ € H2(0;R3), V(%) TV(X) = Gaxa, Vo T Vb skew
S H1212 = H1213 = #1203 =0 (7é [Q = 0]7inflh >0 aIIowed).

Such ¢ is unique, because its 2nd fundamental form, in addition to its first
fundamental form, is then given in terms of G.




Order 4 model: Generalized von Karman enegy

Usual case A= Id. Recall that

1" r-H(Q)

yes I, (@) = [second fundamental form]? on iso(®; R?),

=0 for ¢ = R(x,0), R€ O(3)
Examine smaller orders of magnitude of /" corresponding intuitively to
“®(x) = (%,0) + h(u, u3,x3 + uf) + h2d? 4. "

Obtain u} = u} =0 (through Bau +8ﬁua =0),02 = u? — x3 99U} €q,

h Oqu? + dgu2 + dgutogud
/'74—>/47 I4(u%7u§7u%):/ <2W2( BT 5 e 3) +31|W2(aaﬁu§)> dx,
" .

recall that W5 is quadratic in its argument.

Fox, R. & Simo, Friesecke, James & Miiller, R.




General A(X). Lewicka, Raoult & Ricciotti. Start from min/ =0,
i.e. #1212 = H1213 = #1223 =0,

ie. 3p € H2(0;R3), VoV = Goyo and Vo T Vb skew,
where b: o +— R3 defined by
Q= (31(p(>?)\81<p(>‘<)|b(>'<)),QTQ = G.detQ >0, or else b=—(G33)"1(G%39,0)+(G33)"1/2p,

First finding. Then inf 1/ is indeed smaller: inf 1" < Ch*.
2
Let simply ®/(%,x3) = @(X) +x3b(X) + 3 d(X) (indep. of h). Which d?

x2
VO"(%,x3) = Q(X) +x3B(%) + - D(%),

with
Q = [305(P3b]7 B= [aab, d]7 D= [3ad70]

2
VOhAl(z,x3) = QA_1(>'<)+X38A_1(>'<)+%DA‘I(F()

(QA H(Id+x3A QT BA™L +x2T).
WAy = W(d4+x3A 1QTBA1+x3T).

Make QT B skew-symmetric (will kil the x2 term in W”(Id)).



- - r (99TVb VoTd
Q_[a(x(P7b]7B_[aab?d]7Q B_( bT6b b-d ’
b is already determined, we know that §(pT§b is skew,

then choose d s.t. Q7B skew: Q7d = (—b-d1b,—b-d2b,0)7.



.. h H* 1 h L2
Limit model. We already know that ®" = ¢, £d3®" = b. Now,

1 1 Hl — —
Uh(x ::7/ O — (¢ + hx3b) ) dxg &> u?, Vo'vul) =0,
(x) o5 _1( (¢ + hx3 )) X3 — U sym( [0) u)

analog of BO,UZ;' +dp ut=0
— — Do uP 40 u2
%sym (V(pTVUh) — 6'2 S Lz(a);S2), analog of auﬁz (i

Limit energy given by

o uﬁ +aﬁ ua+aa uz aﬁ u3

2
1,2 _ 1o -
Iy(ut, e?) = Ik (ut,e?) 2/ WQ()_(,€2+E(VUI)TVU1+EVbTVb>
© !

1 aa/_gu:s
g vv2 (x Vo Vpl +(Vu )TVb)
;2 . ( VoTVd)+VbTVb
Al 2(X,sym(Vo' Vd)+
where pl defined by Q7 p! = (—b~81u1,—b-82u1,0).7—

Remark: the last term is constant.

usual case pt = (—Qau:},o)



Proof: Not so simple.

> We have to study sequences u” such that /"(u") < Ch* and prove some
compactness. We first prove that their gradients are locally close to
Q(x) +x3B(X)

%/Qh|Vuh(X)_Rh()_()(Q()_()+X3B()—()‘2 dXSCh4 )

and the variation of R"(X) is controlled

/w|VRh(>‘<)|2d>‘< < CH?. (3)

> Then, we prove existence of constants rotations R and vectors ¢ such
that y" = RhuP — ¢/ enjoys the above properties.



(bis) Limit energy given by
o u/-‘; +3‘3 ué +da u% z?ﬁ ug
: 1,2 _ 1o -
hc(ut,e?) = 2/ Ws (%€ + 5 (Tu!) TFul 4+ 6T Th)
J O -
1 —dap U3

+ = WQ(;.WT@pu(w)Tw)
31 Jo

2 - S
+ 2 Wg()?,sym(V(pTVd)+VbTVb)
6! /.,

where pl = pl(u3) (usual case p! = (—dqul,0).
The third term is constant determined by the previous steps and
S To L o Te F1313 #1323
sym(Vo Vd+VbTVb) = ( . :
ym(Ve ) F1323  H2323

Therefore, the third term is 0 iff Z =0, i.e the 3d metric is flat. All minima
including those of the 3d-problem are 0.



An example: G(x/,x3) = diag(1,1,1(x"))

(i) G is immersible in R3 if and only if
1
2, PO
M, =VA o VARVA=0 in o,

(ii) The T-limit energy functional /,x becomes

vYwe Wh2(w,R?), VYve W??(w,R),

1
961
1

1
+§/QW2(\/7LV2V)+2X6!/QW2(MA) dx/,

where W5 is independent of x’.

viv.,W)=2/ Wz(symVW—‘r%Vv@VV—F VA®VA) dx’
Q




