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Model problem

W
E consider a domain Ωδ containing a finite periodic layer of size δ, and

we are interested in the solution of the Helmholtz problem with a source

term g± corresponding to an incident field coming from the left:






−∆uδ − (kδ)2uδ = 0, in Ωδ,
−∇uδ · n− ık0uδ = g±, on Γ±,

−∇uδ · n = 0, on ∂Ωδ \ Γ±,

where the wavenumber kδ(x) = k̂(x/δ) differs from a constant value k0 by

a δ-periodic function w.r.t. x1 in (−L, L)× (−δ, δ).
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Limit domain Ω0 of Ωδ as δ → 0.

Asymptotic expansion

BASED on the method of matched asymptotic expan-

sions, we decompose the domain Ωδ into three regions.

• For the two near-field regions, we seek for uδ under the form

uδ(x) =
∑

(n,q)∈N2

δ2n/3+qUδ
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• For the far-field region, we search for uδ under the form

uδ(x) =
∑

(n,q)∈N2
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where the periodic layer correctors Πδ
n,q decay exponentially towards

x2/δ → ∞.
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Periodic layer problems

FIRST we insert the far-field ansatz in the Helmholtz equation. Sepa-

rating the behavior for the macroscopic scale x and the microscopic

scale X = x/δ gives for un,q the homogeneous Helmholtz equation

−∆un,q − k20un,q = 0 for x2 6= 0 with appropriate boundary conditions.

The periodic boundary layer corrector Πn,q satisfies the following problem

−∆XΠn,q = Gn,q , in (−L, L)×B
∇Πn,q · n = 0, on (−L, L)× ∂Bint

Πn,q(x1, 0, X2) = Πn,q(x1, 1, X2)
∂X1

Πn,q(x1, 0, X2) = ∂X1
Πn,q(x1, 1,X2)

Xα
2 Πn,q(x1, X1, X2) → 0, α ∈ N,±X2 → ∞

Studying this family of problem gives the jump conditions

[un,0]Γ (x1) = 0, [∂x2
un,0]Γ (x1) = 0

for any n ∈ N, and (for symmetric B)

[un,1]Γ (x1) = C1 〈∂x2
un,0〉Γ (x1),

[∂x2
un,1]Γ (x1) =

(
C2 + C3∂

2
x1

)
〈un,0〉Γ (x1).

Study of the near-field problems

WRITING the matching conditions between the far-field ansatz and the

near-field ansatz exhibits this family of singular problems for n ∈ N:

−∆XSn = 0, in Ω̂−

−∇Sn · n = 0, on ∂Ω̂−

Sn(R, θ) ∼ R
2n
3 wn,0(θ), R → ∞

with

wn,0(θ) = cos
2n

3
(θ − π)

This problem cannot be solved in the classical Beppo-Levi space since the

desired behavior towards infinity is an increasing behavior. We need then to

introduce weighted Sobolev spaces Vℓ
β,γ(Ω̂

−) embedded with the norm

‖v‖
Vℓ

β,γ
(Ω̂−)

=
ℓ∑

p=0

∥∥∥(1 +R)β−γ−δp,0ργ−ℓ+p+δp,0∇pv
∥∥∥
L2(Ω̂−)

.

For the classical Kondratiev theory [1], the weight ρ is ρ = 1 + R. Here, in

the spirit of the works of Nazarov [2], we choose

ρ = 1 +R |θ|

that allows different weight behaviors close to the infinite periodic layer, and

away from it. Studying this problem allows us then to give an expansion of Sn

towards R → ∞ and for θ 6= 0

Sn =
∞∑

p=0

R
2n
3

−p wn,p(lnR, θ)

= +
∞∑

m=1

L−m(Sn)
∞∑

p=0

R− 2m
3

−p w−m,p(lnR, θ)

Singular behavior of macroscopic terms

USING the information of the periodic layer problems and the matching

conditions, we can deduce iteratively the behavior of the near-field terms

un,q . For the three first non-trivial terms, we obtain

u0,0(x) → c0,0, x → x
−

O,

u0,1(x) ∼ |x− x
−

O|
2

3
−1, x → x

−

O,

u2,0(x) ∼ |x− x
−

O|−
2

3 , x → x
−

O .

Error estimates

Theorem. Let a < L, and let Ωa be the

domain in which we cut a rectangle centered

at (0, 0) of size (2L + 2a) × 2a. Then, we

have for δ small enough

∥∥uδ−
∑

(n,q)∈I

δ
2n
3

+qun,q

∥∥
L2(Ωa)

6 Cδ2 ln δ

where I = {(0, 0), (0, 1), (2, 0)}.
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