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Vibration of HTS Maglev

PMG

HTS

Liquid nitrogen
77.3 K

Pinning 
centers

 HTS Maglev System
Merit of self-stability
Potential for high-speed 

application （i.e. Chinese project 
for 600km/h HTS maglev train ）

 Vibration of HTS 
maglev system  
 Inevitably caused by 

external impulse 
 Changes of weight 
 Track irregularity 
 …

Safety 
Levitation performance 
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Electromagnetic Model

 H-formulation 
𝛻𝛻 × 𝜌𝜌𝛻𝛻 × 𝑯𝑯 =−𝜇𝜇 𝜕𝜕𝑯𝑯

𝜕𝜕𝜕𝜕
in Ω

𝜌𝜌𝑠𝑠𝑠𝑠 |𝐉𝐉|,𝐁𝐁 =
𝐸𝐸𝑠𝑠
𝐽𝐽𝑠𝑠 𝐁𝐁

𝐉𝐉
𝐽𝐽𝑠𝑠 𝐁𝐁

𝑛𝑛−1

𝐽𝐽𝑠𝑠 𝐁𝐁 = 𝐽𝐽𝑐𝑐0�𝐵𝐵0
1+ 𝑩𝑩

 Boundary conditions
𝑯𝑯 = 𝑯𝑯𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔(𝒙𝒙,𝒚𝒚, 𝒛𝒛)+𝑯𝑯𝒔𝒔𝒙𝒙𝒆𝒆(𝒙𝒙,𝒚𝒚, 𝒛𝒛) in 𝝏𝝏𝝏𝝏
𝒛𝒛 = 𝒛𝒛(𝒆𝒆)

 𝑯𝑯𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔: Biot-Savart’s law
 𝑯𝑯𝒔𝒔𝒙𝒙𝒆𝒆: magnetic filed of PMG

Numerical magnetic-field (FEM, 
Comsol)

Analytical magnetic-field
indirect coupling of HTS 

and magnetic field 

8



Electromagnetic Model

 Analytical magnetic-field
 Biot-Savart’s law: e.g. for AB in PMG II

𝑑𝑑𝑑𝑑 =
𝜇𝜇0
4𝜋𝜋

𝐼𝐼𝑑𝑑𝒔𝒔 × 𝒓𝒓
𝑟𝑟2

𝑴𝑴 = 𝑀𝑀𝒙𝒙
J=M× 𝒏𝒏=M𝒛𝒛
𝐼𝐼 = 𝑀𝑀𝑑𝑑𝑀𝑀

𝑑𝑑𝑑𝑑 = 𝑑𝑑𝑧𝑧′ , 𝑟𝑟 2 = 𝑀𝑀 − 𝑀𝑀′ 2 + 𝑦𝑦 + 𝑑𝑑 2 + 𝑧𝑧 − 𝑧𝑧′ 2

𝑑𝑑𝑑𝑑𝑀𝑀1 = 𝜇𝜇0�𝑀𝑀
4�𝜋𝜋

� 𝑑𝑑𝑀𝑀′ � ∫0
−𝜕𝜕𝑡𝑡𝑡𝑡−𝑦𝑦+𝑙𝑙

𝑟𝑟
3
2
� 𝑑𝑑𝑧𝑧′ ;      𝑑𝑑𝑀𝑀1 = ∫−(3∗𝑤𝑤1+2∗𝑤𝑤2)

−(𝑤𝑤1+2∗𝑤𝑤2) 𝑑𝑑𝑑𝑑𝑀𝑀1 � 𝑑𝑑𝑀𝑀

𝑑𝑑𝑑𝑑𝑦𝑦1 = 𝜇𝜇0�𝑀𝑀
4�𝜋𝜋

� 𝑑𝑑𝑀𝑀′ � ∫0
−𝜕𝜕𝑡𝑡𝑡𝑡 𝑥𝑥−𝑥𝑥′

𝑟𝑟
3
2
� 𝑑𝑑𝑧𝑧′ ;         𝑑𝑑𝑦𝑦1 = ∫−(3∗𝑤𝑤1+2∗𝑤𝑤2)

−(𝑤𝑤1+2∗𝑤𝑤2) 𝑑𝑑𝑑𝑑𝑦𝑦1 � 𝑑𝑑𝑀𝑀

𝑑𝑑𝑑𝑑𝑧𝑧1 = 0
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Magnetic field in BC, CD, DA can be evaluated by same method, and 
B of PMG II is the sum of  B of AB, BC, CD, and DA. 

BC:

𝑑𝑑𝑀𝑀2 = �
−(3∗𝑤𝑤1+2∗𝑤𝑤2)

−(𝑤𝑤1+2∗𝑤𝑤2)
𝑑𝑑𝑑𝑑𝑀𝑀2 � 𝑑𝑑𝑀𝑀

𝑑𝑑𝑧𝑧2 = �
−(3∗𝑤𝑤1+2∗𝑤𝑤2)

−(𝑤𝑤1+2∗𝑤𝑤2)
𝑑𝑑𝑑𝑑𝑧𝑧2 � 𝑑𝑑𝑀𝑀

CD:
𝑑𝑑𝑀𝑀3 = ∫−(3∗𝑤𝑤1+2∗𝑤𝑤2)

−(𝑤𝑤1+2∗𝑤𝑤2) 𝑑𝑑𝑑𝑑𝑀𝑀3 � 𝑑𝑑𝑀𝑀

𝑑𝑑𝑦𝑦3 = �
−(3∗𝑤𝑤1+2∗𝑤𝑤2)

−(𝑤𝑤1+2∗𝑤𝑤2)
𝑑𝑑𝑑𝑑𝑦𝑦3 � 𝑑𝑑𝑀𝑀

DA:

𝑑𝑑𝑀𝑀4 = �
−(3∗𝑤𝑤1+2∗𝑤𝑤2)

−(𝑤𝑤1+2∗𝑤𝑤2)
𝑑𝑑𝑑𝑑𝑀𝑀4 � 𝑑𝑑𝑀𝑀

𝑑𝑑𝑧𝑧4 = �
− 3∗𝑤𝑤1+2∗𝑤𝑤2

− 𝑤𝑤1+2∗𝑤𝑤2
𝑑𝑑𝑑𝑑𝑧𝑧4 � 𝑑𝑑𝑀𝑀

𝑑𝑑𝐼𝐼𝐼𝐼𝑥𝑥 = �
𝑖𝑖=1

4

𝑑𝑑𝑥𝑥𝑖𝑖

𝑑𝑑𝐼𝐼𝐼𝐼𝑦𝑦 = �
𝑖𝑖=1

4

𝑑𝑑𝑦𝑦𝑖𝑖

𝑑𝑑𝐼𝐼𝐼𝐼𝑧𝑧 = �
𝑖𝑖=1

4

𝑑𝑑𝑧𝑧𝑖𝑖

𝑩𝑩𝐼𝐼𝐼𝐼 = 𝑑𝑑𝐼𝐼𝐼𝐼𝑥𝑥 � 𝒙𝒙 + 𝑑𝑑𝐼𝐼𝐼𝐼𝑦𝑦 � 𝒚𝒚 + 𝑑𝑑𝐼𝐼𝐼𝐼𝑧𝑧 � 𝒛𝒛

And so on for other PMGS:
𝑩𝑩𝒆𝒆𝒕𝒕𝒆𝒆𝒕𝒕𝒔𝒔 = 𝑩𝑩𝐼𝐼 + 𝑩𝑩𝐼𝐼𝐼𝐼 + 𝑩𝑩𝐼𝐼𝐼𝐼𝐼𝐼 + 𝑩𝑩𝐼𝐼𝐼𝐼 + 𝑩𝑩𝐼𝐼

Electromagnetic Model 10



Electromagnetic Model

 Experimental system

HTS

PMG

QUANTITY VALUE

Height of HTS bulk (z direction) 13[mm]

Width of HTS bulk (x direction) 32[mm]

Depth of HTS bulk (y direction) 64[mm]

Deepth of PMG (y direction) 238[mm]
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Thermal Model
 H-formulation with thermal effect

𝛻𝛻 × 𝜌𝜌𝛻𝛻 × 𝑯𝑯 =−𝜇𝜇 𝜕𝜕𝑯𝑯
𝜕𝜕𝜕𝜕

𝜌𝜌𝑠𝑠𝑠𝑠 |𝐉𝐉|,𝐁𝐁 =
𝐸𝐸𝑠𝑠

𝐽𝐽𝑠𝑠 𝐁𝐁,𝑇𝑇
𝐉𝐉

𝐽𝐽𝑠𝑠 𝐁𝐁, T

𝑛𝑛−1

𝐽𝐽𝑠𝑠0(𝑇𝑇) = 𝐽𝐽𝑠𝑠0 ×
𝑇𝑇𝑠𝑠 − 𝑇𝑇
𝑇𝑇𝑠𝑠 − 𝑇𝑇0

Symbol QUANTITY VALUE

k Thermal conductivity 
[W/(m*K)]

(7.90506*1E-6*(T[K^-1])^3-2.17*1E-3*(T[K^-
1])^2+0.17407*(T[K^-1])-0.21246) [W/m/K]

c Heat capacity [J/(m3*K)] (73.75*(T[K^-1])^2+5599.78*(T[K^-
1])+87669.311)[J/m^3/K]

h
Connective heat 

transfer coefficient 
[W/(m2*K)]

400 [W/(m2*K)]

Tc Critical temperature [K] 92 [K]
T0 Initial temperature [K] 77 [K]
Q Joule heat [W/m3] /

Thermal  transient equation:

𝑘𝑘 � 𝜕𝜕2𝑇𝑇
𝜕𝜕𝑥𝑥2

+ 𝜕𝜕2𝑇𝑇
𝜕𝜕𝑦𝑦2

+ 𝜕𝜕2𝑇𝑇
𝜕𝜕𝑧𝑧2

-𝑐𝑐 � 𝜕𝜕𝑇𝑇
𝜕𝜕𝜕𝜕

=-Q

Connective boundary condition:

𝑘𝑘 � 𝜕𝜕𝑇𝑇
𝜕𝜕𝑛𝑛

+h� 𝑇𝑇 − 𝑇𝑇0 = 0
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 Dynamic equations
𝑭𝑭 = �

𝑺𝑺𝑪𝑪
𝑱𝑱 � 𝑩𝑩

𝑭𝑭𝒛𝒛 = �
𝑺𝑺𝑪𝑪

𝑱𝑱𝒙𝒙 � 𝑩𝑩𝒚𝒚 − 𝑱𝑱𝒚𝒚 � 𝑩𝑩𝒙𝒙 𝒅𝒅𝒙𝒙𝒅𝒅𝒚𝒚𝒅𝒅𝒛𝒛

𝒎𝒎�̈�𝒛 + 𝑭𝑭𝒛𝒛 −𝒎𝒎𝒎𝒎 = 𝒔𝒔𝒚𝒚
𝒔𝒔𝒚𝒚: exciting force
z:  vertical displacement  (s_vibtarion [m])
𝒗𝒗 = �̇�𝒛, vibration speed [m/s]
𝒕𝒕 = �̈�𝒛, acceleration [m/s2]

 Boundary condition
𝑯𝑯 = 𝑯𝑯𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔(𝒙𝒙,𝒚𝒚, 𝒛𝒛)+𝑯𝑯𝒔𝒔𝒙𝒙𝒆𝒆(𝒙𝒙,𝒚𝒚, 𝒛𝒛)

𝑯𝑯 = 𝑯𝑯𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔+𝑯𝑯𝒔𝒔𝒙𝒙𝒆𝒆(𝒙𝒙,𝒚𝒚, 𝒛𝒛 + 𝒔𝒔_𝒗𝒗𝒗𝒗𝒗𝒗𝒓𝒓𝒕𝒕𝒆𝒆𝒗𝒗𝒕𝒕𝒏𝒏)

Dynamic Model

𝑭𝑭𝒛𝒛

𝒎𝒎𝒎𝒎

𝒔𝒔𝒚𝒚

HTS
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Validation of Electromagnetic Model
 Sequences

Symbol QUANTITY VALUE

M PM Magnetization 7.8*105 A/m
𝐸𝐸𝑠𝑠 Critical current criterion 1∙10-4 V/m
n HTS parameter 21
𝐽𝐽𝑠𝑠0 HTS parameter 1.8∙108 A/m2

𝑑𝑑0 HTS parameter 0.2 T
𝜌𝜌𝑎𝑎𝑖𝑖𝑟𝑟 Air resistivity 1 Ω∙m [Lahtinen2012]
𝜇𝜇0 Air/HTS permeability 4π ∙10-7 H/m

 FC:(x,y,z)=((0,0,25), (0,0,6), (0,0,25))

 ZFC:(x,y,z)=((0,0,100), (0,0,6), (0,0,100))

 Velocity: 1mm/s 

 mf: (x,y,z)=((-90,0,6),(90,0,6)) ZFC z (t) FC z(t)
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Validation of Electromagnetic Model
 Results
 Good agreements;

 Similar computing time

with analytical field: 18h

with numerical field: 20h 

Magnetic Field Fz during ZFC Fz during FC

Model Advantages Disadvantages

with 
analytical 

field

1.Easy to build gap
2.Easy to extend 
halbach PMG in y 
direction

Long programming 
time and poor 
extendability

with 
numerical 

field
Fast implementation

1.Lots of meshes and 
extremely fine mesh in 
the gap 
2. Long modeling time 
to extend PMG
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Reference model

15mmPMG

φ15mm

HTS

φ15mm

15mm

 Reference model
 to reduce computing time

 Same parameters with electro-

magnetic model (𝑚𝑚 = 1𝑘𝑘𝑘𝑘)

 Studied case: free vibration after field   

cooling

FC:(x,y,z)=((0,0,30), (0,0,10)
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Thermal effect
 Results  

 Same levitation force during field 
cooling;

 Same trend during vibration, but 
different amplitude;

 Enormous difference in 
computing time: 6days for model 
without thermal effect; 11days for 
the model including it

Fz during FC Vertical displacement 
during vibration Fz during vibration

FC Vibration
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Relaxation  
 Results 

 Figure of model after 120s relaxation is moved 

forward parallel to t-axis 

 Fz decay during relaxation;

 Little changes to nature frequency

 Almost same amplitude during vibration;

 Less time to get back to the stable regime

Vertical displacement 
during vibration Fz during vibrationA-F figure after FFT

Fz during relaxation
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 Electromagnetic model with numerical / analytical field 
 Good agreement, similar computing time

 Analytical field is more suitable for modeling of long Halbach
guideway- avoid large amount of meshes and extremely fine 
mesh in the gap 

 Dynamic model with thermal effect 
 Extendable for further research

 Safe to study dynamic characteristic with dynamic model 
without thermal effect

 Relaxation will be helpful for dynamic stability of HTS maglev 
system 

 Challenge: long computation time

Conclusion   21
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